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. Abstract 

In this article, we review the current status of Finsler-Laeranffe ee- 
^ [ ometry and generalizations. The goal is to aid non-experts on Finsler 

, spaces, but physicists and geometers skilled in general relativity and 

particle theories, to understand the crucial importance of such geomet- 
er ' ric methods for applications in modern physics. We also would like to 
^ I orient mathematicians working in generalized Finsler and Kahler ge- 
ometry and geometric mechanics how they could perform their results 
in order to be accepted by the community of "orthodox" physicists. 

Although the bulk of former models of Finsler-Lagrange spaces 
where elaborated on tangent bundles, the surprising result advocated 
' in our works is that such locally anisotropic structures can be mod- 

I elled equivalently on Riemann-Cartan spaces, even as exact solutions 

' in Einstein and/or string gravity, if nonholonomic distributions and 

moving frames of references are introduced into consideration. 

We also propose a canonical scheme when geometrical objects on a 
. , (pseudo) Riemannian space are nonholonomically deformed into gen- 

' eralized Lagrange, or Finsler, configurations on the same manifold or 

on a corresponding tangent bundle. Such canonical transforms are de- 
fined by the coefhcients of a prime metric (it can be a solution of the 
Einstein equations) and generate target spaces as generalized Lagrange 
structures, their models of almost Hermitian/ Kahler, or nonholonomic 
Riemann spaces with constant curvature, for some Finsler like connec- 
tions. There are formulated the criteria when such constructions can 
be redefined equivalently in terms of the Levi Civita connection. 

Finally, we consider some classes of exact solutions in string and 
Einstein gravity modelling Lagrange-Finsler structures with solitonic 
pp-waves and speculate on their physical meaning. 
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1 Introduction 



The main purpose of this survey is to present an introduction to Finsler- 
Lagrange geometry and the anholonomic frame method in general relativity 
and gravitation. We review and discuss possible applications in modern 
physics and provide alternative constructions in the language of the geom- 
etry of nonholonomic Riemannian manifolds (enabled with nonintegrable 
distributions and preferred frame structures). It will be emphasized the ap- 
proach when Finsler like structures are modelled in general relativity and 
gravity theories with metric compatible connections and, in general, non- 
trivial torsion. 

Usually, gravity and string theory physicists may remember that Finsler 
geometry is a quite "sophisticate" spacetime generalization when Rieman- 
nian metrics gij{x^) are extended to Finsler metrics gij{x^,y^) depending 
both on local coordinates on a manifold M and "velocities" on its 
tangent bundle TM. Perhaps, they will say additionally that in order 
to describe local anisotropics depending only on directions given by vec- 
tors , the Finsler metrics should be defined in the form gij ~ Qy^Qyj j where 

^we emphasize that Finsler geometries can be ahernatively modelled if are considered 
as certain nonholonomic, i. e. constrained, coordinates on a general manifold V, not only 
as "velocities" or "momenta", see further constructions in this work 
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F{x^, Cy') = ICI F{x^,y''), for any real C 7^ 0, is a fundamental Finsler metric 
function. A number of authors analyzing possible locally anisotropic physi- 
cal effects omit a rigorous study of nonlinear connections and do not reflect 
on the problem of compatibility of metric and linear connection structures. 
If a Riemannian geometry is completely stated by its metric, various models 
of Finsler spaces and generalizations are defined by three independent geo- 
metric objects (metric and linear and nonlinear connections) which in cer- 
tain canonical cases are induced by a fundamental Finsler function F{x,y). 
For models with different metric compatibility, or non-compatibility, con- 
ditions, this is a point of additional geometric and physical considerations, 
new terminology and mathematical conventions. Finally, a lot of physicists 
and mathematicians have concluded that such geometries with generic local 
anisotropy are characterized by various types of connections, torsions and 
curvatures which do not seem to have physical meaning in modern particle 
theories but (may be?) certain Finsler like analogs of mechanical systems 
and continuous media can be constructed. 

There were published a few rigorous studies on perspectives of Finsler 
like geometries in standard theories of gravity and particle physics (see, for 
instance, Refs. [26l I247j ) but they do not analyze any physical effects of the 
nonlinear connection and adapted linear connection structures and the pos- 
sibility to model Finsler like spaces as exact solutions in Einstein and sting 
gravity [228]). The results of such works, on Finsler models with violations 
of local Lorentz symmetry and nonmetricity fields, can be summarized in 
a very pessimistic form: both fundamental theoretic consequences and ex- 
perimental data restrict substantially the importance for modern physics 
of locally anisotropic geometries elaborated on (co) tangent bundles p see 
Introduction to monograph |228j and article |201j and reference therein for 
more detailed reviews and discussions. 

Why we should give a special attention to Finsler geometry and methods 
and apply them in modern physics ? We list here a set of contr-arguments 
and discus the main sources of " anti-Finsler" skepticism which (we hope) 
will explain and re-move the existing unfair situation when spaces with 
generic local anisotropy are not considered in standard theories of physics: 

1. One should be emphasized that in the bulk the criticism on locally 
anisotropic geometries and applications in standard physics was mo- 
tivated only for special classes of models on tangent bundles, with 
violation of local Lorentz symmetry (even such works became very 

^In result of such opinions, the Editors and referees of some top physical journals al- 
most stopped to accept for publication manuscripts on Finsler gravity models. If other 
journals were more tolerant with such theoretical works, they were considered to be re- 
lated to certain alternative classes of theories or to some mathematical physics problems 
with speculations on geometric models and "nonstandard" physics, mechanics and some 
applications to biology, sociology or seismology etc 
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important in modem physics, for instance, in relation to brane grav- 
ity [51] and quantum theories [89]) and nonmetricity fields. Not all 
theories with generalized Finsler metrics and connections were elabo- 
rated in this form (on alternative approaches, see next points) and in 
many cases, like j26l 12471 . the analysis of physical consequences was 
performed not following the nonlinear connection geometric formal- 
ism and a tensor calculus adapted to nonholonomic structures which 
is crucial in Finsler geometry and generalizations. 

2. More recently, a group of mathematicians [171 1147j developed inten- 
sively some directions on Finsler geometry and applications following 
the Chern's linear connection formalism proposed in 1948 (this con- 
nection is with vanishing torsion but noncompatible with the metric 
structure). For non-experts in geometry and physics, the works of 
this group, and other authors working with generalized local Lorentz 
symmetries, created a false opinion that Finsler geometry can be elab- 
orated only on tangent bundles and that the Chern connection is the 
"best" Finsler generalization of the Levi Civita connection. A number 
of very important constructions with the so-called metric compatible 
Cartan connection, or other canonical connections, were moved on the 
second plan and forgotten. One should be emphasized that the geo- 
metric constructions with the well known Chern or Berwald connec- 
tions can not be related to standard theories of physics because they 
contain nonmetricity fields. The issue of nonmetricity was studied in 
details in a number of works on metric-affine gravity, see review |70] 
and Chapter I in the collection of works [228], the last one containing 
a series of papers on generalized Finsler-affine spaces. Such results are 
not widely accepted by physicists because of absence of experimental 
evidences and theoretical complexity of geometric constructions. Here 
we note that it is a quite sophisticate task to elaborate spinor ver- 
sions, supersymmetric and noncommutative generalizations of Finsler 
like geometries if we work with metric noncompatible connections. 

3. A non-expert in special directions of differential geometry and geomet- 
ric mechanics, may not know that beginning E. Cartan (1935) [42j var- 
ious models of Finsler geometry were developed alternatively by using 
metric compatible connections which resulted in generalizations to the 
geometry of Lagrange and Hamilton mechanics and their higher order 
extensions. Such works and monographs were published by prominent 
schools and authors on Finsler geometry and generalizations from Ro- 
mania and Japan [Ml [Ml [Ml [Ml [1121 [Ml [85l [86l [80l [Ml [MS 
[T02l [TM [T251 [T271 [T28l [T29l [Ml [25] following approaches quite dif- 
ferent from the geometry of sympletic mechanics and generalizations 
[97 1 l99 l [TOTl [9T]. As a matter of principle, all geometric constructions 
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with the Chern and/or sympletic connections can de redefined equiv- 
alently for metric compatible geometries, but the philosophy, aims, 
mathematical formalism and physical consequences are very different 
for different approaches and the particle physics researches usually are 
not familiar with such results. 

4. It should be noted that for a number of scientists working in Western 
Countries there are less known the results on the geometry of nonholo- 
nomic manifolds published in a series of monographs and articles by 
G. Vranceanu (1926), Z. Horak (1927) and others [MD 1213 ES] , see 
historical remarks and bibliography in Refs. [25 ^12281 . The importance 
for modern physics of such works follows from the idea and explicit 
proofs (in quite sophisticate component forms) that various types of lo- 
cally anisotropic geometries and physical interactions can be modelled 
on usual Riemannian manifolds by considering nonholonomic distribu- 
tions and holonomic fibrations enabled with certain classes of special 
connections. 

5. In our works (see, for instance, reviews and monographs [178^ 11791 
nm [ml [T83l [2251 [2291 [2301 [Ml [228], and references therein), we 
re-oriented the research on Finsler spaces and generalizations in some 
directions connected to standard models of physics and gauge, super- 
symmetric and noncommutative extensions of gravity. Our basic idea 
was that both the Riemann-Cartan and generalized Finsler-Lagrange 
geometries can be modelled in a unified manner by corresponding geo- 
metric structures on nonholonomic manifolds. It was emphasized, that 
prescribing a preferred nonholonomic frame structure (equivalently, a 
nonintegrabie distribution with associated nonlinear connection) on a 
manifold, or on a vector bundle, it is possible to work equivalently 
both with the Levi Civita and the so-called canonical distinguished 
connection. We provided a number of examples when Finsler like 
structures and geometries can be modelled as exact solutions in Ein- 
stein and string gravity and proved that certain geometric methods 
are very important, for instance, in constructing new classes of exact 
solutions. 

This review work has also pedagogical scopes. We attempt to cover key 
aspects and open issues of generalized Finsler-Lagrange geometry related to 
a consistent incorporation of nonlinear connection formalism and moving/ 
deformation frame methods into the Einstein and string gravity and anal- 
ogous models of gravity, see also Refs. !2U11 1228[ I1U8[ [Ml I145j for general 
reviews, written in the same spirit as the present one but in a more compre- 
hensive, or inversely, with more special purposes forms. While the article is 
essentially self-contained, the emphasis is on communicating the underlying 
ideas and methods and the significance of results rather than on presenting 
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systematic derivations and detailed proofs (these can be found in the hsted 
Uterature) . 

The subject of Finsler geometry and appUcations can be approached in 
different ways. We choose one of which is deeply rooted in the well es- 
tablished gravity physics and also has sufficient mathematical precision to 
ensure that a physicist familiar with standard textbooks and monographs on 
gravity [Ml HISl [Ml [ESI [IS] and string theory [Ml [Ml [HH] will be able 
without much efforts to understand recent results and methods of the geom- 
etry of nonholonomic manifolds and generalized Finsler-Lagrange spaces. 
In other turn, in order to keep the article to a reasonable size, and avoid 
overwhelming non-experts, we have to leave out several interesting topics, 
results and viewpoints. We list the most important alternative directions 
and comment references in Appendix in order to orient experts in gravity 
and field theories in existing literature and researches related to applica- 
tions of Finsler geometry methods in modern physics. This is meant that 
the work is an introduction into some subjects and new geometric meth- 
ods which seem to be very important in standard physics rather then an 
exhaustive review of them. 

We shall use the terms "standard" and "nonstandard" models in ge- 
ometry and physics. In connection to Finsler geometry, we shall consider 
a model to be a standard one if it contains locally anisotropic structures 
defined by certain nonholonomic distributions and adapted frames of ref- 
erence on a (pseudo) Riemannian or Riemann-Cartan space (for instance, 
in general relativity, Kaluza-Klein theories and low energy string gravity 
models). Such constructions preserve, in general, the local Lorentz symme- 
try and they are performed with metric compatible connections. The term 
"nonstandard" will be used for those approaches which are related to met- 
ric non-compatible connections and/or local Lorentz violations in Finsler 
spacetimes and generalizations. Sure, any standard or nonstandard model 
is rigorously formulated following certain purposes in modern geometry and 
physics, geometric mechanics, biophysics, locally anisotropic thermodynam- 
ics and stochastic and kinetic processes and classical or quantum gravity 
theories. Perhaps, it will be the case to distinguish the class of "almost 
standard" physical models with locally anisotropic interactions when certain 
geometric objects from a (pseudo) Riemannian or Riemann-Cartan mani- 
folds are lifted on a (co) tangent or vector bundles and/or their supersym- 
metric, non-commutative, Lie algebroid, Clifford space, quantum group ... 
generalizations. There are possible various effects with "nonstandard" cor- 
rections, for instance, violations of the local Lorentz symmetry by quantum 
effects but in some classical or quantum limits such theories are constrained 
to correspond to certain standard ones. 

This contribution is organized as follows: 

In section 2, we outline an unified approach to the geometry of nonholo- 
nomic distributions on Riemann manifolds and Finsler-Lagrange spaces. 



7 



The basic concepts on nonholonomic manifolds and associated nonlinear 
connection structures are explained and the possibility of equivalent (non) 
holonomic formulations of gravity theories is analyzed. 

Section 3 is devoted to nonholonomic deformations of manifolds and 
vector bundles. There are reviewed the basic constructions in the geometry 
of (generalized) Lagrange and Finsler spaces. We show how effective alge- 
broid structures can be generated by nonholonomic transforms. A general 
ansatz for constructing exact solutions, with effective (algebroid) Lagrange 
and Finsler structures, in Einstein and string gravity, is analyzed. 

In section 4, the Finsler-Lagrange geometry is formulated as a variant 
of almost Hermitian and/or Kaher geometry with additional Lie algebroid 
structure. We show how the Einstein gravity can be equivalently reformu- 
lated in terms of almost Hermitian geometry with preferred frame structure. 

Section 5 is focused on explicit examples of exact solutions in Einstein 
and string gravity when (generalized) Finsler-Lagrange structures are mod- 
elled on (pseudo) Riemannian and Riemann-Cartan spaces. We analyze 
some classes of Einstein metrics which can be deformed into new exact so- 
lutions characterized additionally by Lagrange-Finsler configurations. For 
string gravity, there are constructed explicit examples of locally anisotropic 
configurations describing gravitational solitonic pp-waves and their effective 
Lagrange spaces. We also analyze some exact solutions for Finsler-solitonic 
pp-waves on Schwarzschild spaces. 

Conclusions and further perspectives of Finsler geometry and new geo- 
metric methods for modern gravity theories are considered in section 6. 

We provide an Appendix containing historical and bibliographical com- 
ments on (generalized) Finsler geometry and physics. 

Finally, we should note that our list of references is minimalist, trying 
to concentrate on reviews and monographs rather than on original articles. 
More complete reference lists can be found in the books [22S| \1S'6\ \22b\ \1US\ 
I112j . Various guides for learning, both for experts and beginners on geo- 
metric methods and further applications in modern physics, with references, 
can be found in [2281 M ESI IMfTIH]. 

Notational remarks: 

We shall consider geometric and physical objects on different spaces. There 
were elaborated very sophisticate systems of denotations and terminology 
in various approaches to general relativity, string theory and generalized 
Finsler-Lagrange geometry. In this work, one follows the conventions from 
[2281 1201j . We shall use "boldface" letters, A,B"g,... for geometric objects 
and spaces adapted to (provided with) a nonlinear connection structure. 
In general, small Greek indices are considered as abstract ones, which may 
split into horizontal (h) and vertical (v) indices, for instance a = (i,a),/3 = 
(j, 6), ... where with respect to a coordinate basis they run values of type 
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... = 1, 2, n and a, b, ... = n + 1, n + 2, ...n + m, for n > 2 and m > 1. 
One shall be considered primed indices, a' = {i',a'), 13' = {j',b'), working 
with respect to a nonholonomically transformed bases, or underlined indices, 
^ = {hOi)iP = 0)^)) •••1 ill order to emphasize that coefficients of geometric 
objects are defined with respect to a coordinate basis. Various types of left 
"up" and "low" labels of geometric objects will be used, for instance, ^'-^V 
means that the manifold is a Riemannian-Cartan one, the Levi Civita 
connection will be labelled ,D = V and the corresponding Riemannian and 
Ricci tensors will be written ,7^ = { and ,Ric{ ,D) = { ,R ^^}. We 

shall omit labels and indices if that will not result in ambiguities. Finally, we 
note that we shall write with boldface letters a new term if it is introduced 
for the first time in the text. 

2 Nonholonomic Einstein Gravity and Finsler— La- 
grange Spaces 

In this section we present in a unified form the Riemann-Cartan and Finsler- 
Lagrange geometry. The reader is supposed to be familiar with well-known 
geometrical approaches to gravity theories [691 11131 12441 11581 1151j but may 
not know the basic concepts on Finsler geometry and nonholonomic man- 
ifolds. The constructions for locally anisotropic spaces will be derived by 
special parametrizations of the frame, metric and connection structures on 
usual manifolds, or vector bundle spaces, as we proved in details in Refs. 

2.1 Metric— afRne, Riemann— Cartan and Einstein manifolds 

Let V be a necessary smooth class manifold of dimension dim V = n + m, 
when n > 2 and m > 1, enabled with metric, g = Qape'^ (8) e^, and linear 
connection, D = {F'^^^j, structures. The coefficients of g and D can be 
computed with respect to any local frame, e^, and co— frame, e^, bases, 
for which Caje'^ = (^a, where J denotes the interior (scalar) product defined 
by g and 6a is the Kronecker symbol. A local system of coordinates on V is 
denoted = (x*, y"), or (in brief) u = (x, y), where indices run correspond- 
ingly the values: i, j, k... = 1, 2, n and a, 6, c, ... = n + l,n + 2, ...n + m for 
any splitting a = {i,a),(3 = {j,b), ... We shall also use primed, underlined, 
or other type indices: for instance, Ca' = {ei'^ea') and = (e-^ ), for 
a different sets of local (co) bases, or = ea = da = d/du—, = = 
di = d/dx- and = ea = da = d/dy- if we wont to emphasize that the 
coefficients of geometric objects (tensors, connections, ...) are defined with 
respect to a local coordinate basis. For simplicity, we shall omit underlin- 
ing or priming of indices and symbols if that will not result in ambiguities. 
The Einstein's summation rule on repeating "up- low" indices will be applied 
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if the contrary will not be stated. 

Frame transforms of a local basis Cq, and its dual basis are paramet- 
rized in the form 

= A^' (u)e„, and = A^^, {u)e^' , (1) 

where the matrix A^^, is inverse to A^' . In general, local bases are non- 
holonomic (equivalently, anholonomic, or nonintegrable) and satisfy 
certain anholonomy conditions 

6^6/3 - epCa = W2pey (2) 

with nontrivial anholonomy coefficients W2fj{u)- We consider the holo- 
nomic frames to be defined by VFj^ = 0, which holds, for instance, if we fix 
a local coordinate basis. 

Let us denote the covariant derivative along a vector field X = X^Sa as 
Dx = X\D. One defines three fundamental geometric objects on manifold 
V : nonmetricity field, 

Qx = Dxg, (3) 

torsion, 

T{X,Y) = DxY -DyX -[X,Y], (4) 

and curvature, 

n{X, Y)Z = DxDyZ - DyDxZ - D^x,Y]Z, (5) 

where the symbol "=" states "by definition" and [X,Y] = XY - YX. 
With respect to fixed local bases Cq, and e^, the coefficients Q = {Qafj-y = 
Dagj3'y}-,T = {T^p^} and IZ = {i?"^^^} can be computed by introducing 
X ^ Ca, y ^ 6/3, Z — > into respective formulas ([31), (jH) and 

In gravity theories, one uses three others important geometric objects: 
the Ricci tensor, Ric{D) = {R = R'^p^f^}, the scalar curvature, R = 
g°^^ Rcti3 {g'^^ being the inverse matrix to gafj): and the Einstein tensor, 

£ = {EaP =1= Ral3 — \ga(}R}- 

A manifold ^"•y is a metric— affine space if it is provided with ar- 
bitrary two independent metric g and linear connection D structures and 
characterized by three nontrivial fundamental geometric objects Q, T and 

n. 

If the metricity condition, Q = 0, is satisfied for a given couple g and D, 
such a manifold ^^V is called a Riemann— Cartan space with nontrivial 
torsion T ol D. 

A Riemann space is provided with a metric structure g which de- 
fines a unique Levi Civita connection ,D = \/, which is both metric compat- 
ible, iQ = Vg = 0, and torsionless, ,T = 0. Such a space is pseudo- (semi-) 
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Riemannian if locally the metric has any mixed signature (±1, ±1, =bl)|£] 
In brief, we shall call all such spaces to be Riemannian (with necessary sig- 
nature) and denote the main geometric objects in the form ,TZ = { 
,Ric{ ,D) = { ,i? p^}, ,R and ,f = { ,^a/3}. 

The Einstein gravity theory is constructed canonically for dim^ V = 
4 and Minkowski signature, for instance, (— 1, +1, +1, +1). Various gener- 
alizations in modern string and/or gauge gravity consider Riemann, 
Riemann-Cartan and metric-affine spaces of higher dimensions. 

The Einstein equations are postulated in the form 

£{D) = Ric{D) - 1 5 Sc{D) = T, (6) 

where the source T contains contributions of matter fields and corrections 
from, for instance, string/brane theories of gravity. In a physical model, the 
equations ([6]) have to be completed with equations for the matter fields and 
torsion (for instance, in the Einstein— Cartan theory [70], one considers 
algebraic equations for the torsion and its source). It should be noted here 
that because of possible nonholonomic structures on a manifold V (we shall 
call such spaces to be locally anisotropic), see next section, the tensor Ric{D) 
is not symmetric and D [£{D)] ^ 0. This imposes a more sophisticate form of 
conservation laws on spaces with generic " local anisotropy" , see discussion in 
|228j (a similar situation arises in Lagrange mechanics [971 EH llOll EH I108j 
when nonholonomic constraints modify the definition of conservation laws). 

For general relativity, dimV = 4 and D = V, the field equations can 
be written in the well-known component form 

[Eal3 = \R (3^ — \R = '^al3 (7) 

when V( i^'a/?) = V(Tq,/3) = 0. The coefficients in equations ([7]) are defined 
with respect to arbitrary nonholomomic frame ([T]). 

2.2 Nonholonomic manifolds and adapted frame structures 

A nonholonomic manifold (M, V) is a manifold M of necessary smooth 
class enabled with a nonholonomic distribution D, see details in Refs. |25[ 
I228j . Let us consider a (n + m)-dimensional manifold V, with n > 2 and 
m > 1 (for a number of physical applications, it will be considered to model 
a physical or geometric space). In a particular case, V =TM, with n = m 
(i.e. a tangent bundle), or V = E = {E, M), dimM = n, is a vector bundle 
on M, with total space E (we shall use such spaces for traditional defini- 
tions of Finsler and Lagrange spaces [Ml [Ml [Ml [21 [US [13 [H?]). In a 

^mathematicians usually use the term semi-Riemannian but physicists are more famil- 
iar with pseudo-Riemannian; we shall apply both terms on convenience 
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general manifold V is provided with a local fibred structure into con- 

ventional "horizontal" and "vertical" directions defined by a nonholonomic 
(nonintegrable) distribution with associated nonlinear connection (equiva- 
lently, nonholonomic frame) structure. Such nonholonomic manifolds will 
be used for modelling locally anisortropic structures in Einstein gravity and 
generalizations [TMl [22^ m [2011 [228] . 

2.2.1 Nonlinear connections and N adapted frames 

We denote by vr^ : TV TM the differential of a map vr : V ^ ^ 
defined by fiber preserving morphisms of the tangent bundles TV and TM. 
The kernel of vr^ is just the vertical subspace vY with a related inclusion 
mapping i : TV. 

A nonlinear connection (N connection) N on a manifold V is de- 
fined by the splitting on the left of an exact sequence 

^TV ^ TV/vV 0, 

i. e. by a morphism of submanifolds N : TV uV such that N o i is the 
unity in wV. 

Locally, a N-connection is defined by its coefficients N^{u), 

N = N^{u)dx' (8) 

In an equivalent form, we can say that any N-connection is defined by a 
Whitney sum of conventional horizontal (h) space, (/iV) , and vertical (v) 
space, (fV) , 

TV = W e vY. (9) 

The sum ([9]) states on TV a nonholonomic (equivalently, anholonomic, or 
nonintegrable) distribution of h- and v-space. The well known class of lin- 
ear connections consists on a particular subclass with the coefficients being 
linear on y", i.e. 

Nt{u)=Tl^{x)y\ (10) 

The geometric objects on V can be defined in a form adapted to a N- 
connection structure, following decompositions which are invariant under 
parallel transports preserving the splitting In this case, we call them 
to be distinguished (by the N-connection structure), i.e. d— objects. For 
instance, a vector field X € TV is expressed 

X = (hX, vX), or X = X"e„ = X'ei + X^Ca, 

where hX = X^ei and vX = X^Ca state, respectively, the adapted to the 
N-connection structure horizontal (h) and vertical (v) components of the 
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vector. In brief, X is called a distinguished vectors, d— vectorial In a similar 
fashion, the geometric objects on V like tensors, spinors, connections, ... 
are called respectively d— tensors, d— spinors, d— connections if they are 
adapted to the N-connection splitting Q. 

The N connection curvature is defined as the Neijenhuis tensor 

n{X,Y) = [vX,vY]+ v[X,Y]-v[vX,Y]-v[K,vY]. (11) 

In local form, we have for (llip 



with coefficients 



Any N-connection N may be characterized by an associated frame (viel- 
bein) structure = (ej,ea), where 

and the dual frame (coframe) structure e^ = (e*,e"), where 

= dx' and e'' = dy" + N^{u)dx\ (14) 

see formulas ([1]). These vielbeins are called respectively N— adapted fra- 
mes and coframes. In order to preserve a relation with the previous 
denotations [201} 1228 ] , we emphasize that e^, = (ej,ea) and e'^ = {e'^,e'^) are 
correspondingly the former " N-elongated" partial derivatives Si, = 5 jdvy = 
{Si, da) and N-elongated differentials 5^ = 5u^ = ((i*,(5"). This emphasizes 
that the operators (fT3]) and (fn|l define certain "N-elongated" partial deriva- 
tives and differentials which are more convenient for tensor and integral cal- 
culations on such nonholonomic manifolds. The vielbeins p4|) satisfy the 
nonholonomy relations 

[co, e/j] = e^e^ - epe^ = Wl^e^ (15) 

with (antisymmetric) nontrivial anholonomy coefficients = daN^ and 
Wjj^ = defining a proper parametrization (for a, n + m splitting by a 
N-connection Nf) of (fTij) . 



*We shall use always "boldface" symbols if it would be necessary to emphasize that cer- 
tain spaces and/or geometrical objects are provided/ adapted to a N-connection structure, 
or with the coefficients computed with respect to N-adapted frames. 
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2.2.2 N anholonomic manifolds and d— metrics 



For simplicity, we shall work with a particular class of nonholonomic mani- 
folds: A manifold V is N— anholonomic if its tangent space TV is enabled 
with a N-connection structure @I1 

A distinguished metric (in brief, d— metric) on a N-anholonomic 
manifold V is a usual second rank metric tensor g which with respect to a 
N-adapted basis (I14|) can be written in the form 

g = g^j{x, y) + hab{x, y) e" e* (16) 

defining a N-adapted decomposition g =hgQ)Nvg = [hg,vg]. 

A metric structure 5 on a N-anholonomic manifold V is a symmetric 
covariant second rank tensor field which is not degenerated and of constant 
signature in any point u G V. Any metric on V, with respect to a local 
coordinate basis dtt" = (dx*, dy") , can be parametrized in the form 

g = g^^{u)du''(^du^ (17) 



where 

g,,+N^N!;hab N^ha 

Nfhe hab 



lap 



(18) 



Such a metric (fTH]) is generic off-diagonal, i.e. it can not be diagonalized by 
coordinate transforms if Nf[u) are any general functions. 

In general, a metric structure is not adapted to a N-connection structure, 
but we can transform it into a d-metric 



^ = hg{hX,hY) + vg{vX,vY) (19) 

adapted to a N-connection structure defined by coefficients Nf. We intro- 
duce denotations hg{hX, hY) = hg{hX, hY) and vg{vX, vY) = vg{vX, vY) 
and try to find a N-connection when 

g{hX,vY) = (20) 

for any d-vectors X,Y. In local form, for hX — > and vY — > Bq, the 
equation (pOj) is an algebraic equation for the N-connection coefficients iVf, 

9{ei, ea) = 0, equivalently, g.^ - N-hab = 0, (21) 

^In a similar manner, we can consider different types of (super) spaces and low energy 
string limits 11801 118^ 12161 [T75] . Riemann or Riemann-Cartan manifolds [228) . noncom- 
mutative bundles, or superbundles and gauge models [1891 12171 1521 12181 1201] . Clifford- 
Dirac spinor bundles and algebroids [2021 jlTHl Ell MB ESS], Lagrange-Fedosov 
manifolds [57].-- provided with nonholonomc (super) distributions ® and preferred sys- 
tems of reference (supervielbeins). 
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where g.^ = g{d/dx^ ,d/dy'^), which allows us to define in a unique form 
the coefficients Nj' = h°'^g^^ where h""^ is inverse to hah- We can write the 
metric g with ansatz ()18p in equivalent form, as a d-metric ()16p adapted to 
a N-connection structure, if we define gij = g(ei,ej) and hah =f ^{^ai^h) 
and consider the vielbeins and e" to be respectively of type (fT3|) and 

m- 

A metric g (I17p can be equivalently transformed into a d-metric (I16p 
by performing a frame (vielbein) transform 



and 



with coefficients 



ea-(u) 

e\{u) -Nl{u)e\{u, 
e'^Jn) 



(22) 

(23) 
(24) 



being linear on Nf. 

It should be noted here that parametrizations of metrics of type (llSp 
have been introduced in Kaluza-Klein gravity jTIBU] for the case of linear 
connections (jlOp and compactified extra dimensions y"". For the five (or 
higher) dimensions, the coefficients T"'^^^{x) were considered as Abelian or 
non-Abelian gauge fields. In our approach, the coefficients N^{x,y) are 
general ones, not obligatory linearized and/or compactified on y". For some 
models of Finsler gravity, the values were treated as certain generalized 
nonlinear gauge fields (see Appendix to Ref. [107J), or as certain objects 
defining (semi) spray configurations in generalized Finsler and Lagrange 
gravity [TOTl [TUSl lS] . 

The N-connection coefficients can be associated to certain off-diagonal 
metric coefficients A^^^^ in (jlSp when a (n + m)-splitting is prescribed for a 
manifold V (such a manifold may be a Riemannian or an Einstein space). 
We can also say that such a splitting and corresponding coefficients N"" in- 
duce preferred (in general, nonholonomic) frame and/or coframe structures, 
respectively ()13p and / or (I14p . In general, this does not violate the frame and 
coordinate diffeomorphisms invariance because any formulas can be written 
in any system of references, or coordinates. Nevertheless, there is a class 
of frame transforms (|22p with coefficients ()23p and (|24p preserving the pre- 
scribed nonintegrable (n + m)-splitting ([9]). This is like on a Schwarzschild 
space when we prefer the spherical symmetry but all formulas can be written 
in arbitrary coordinates (frames), for instance, in Cartezian coordinates. 

Formal (n + m)-splitting exist naturally on vector/ tangent bundles 
when X* label the base space coordinates and label the fiber coordinates. 
If such splitting are defined by nonintegrable distributions, we also get N- 
connection structures. In order to give to the N-connections a gauge like 
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interpretation, we can say that they broke nonholonomically the spacetime 
symmetry and define certain type of nonhnear gauge fields. In this work 
we shall not consider gauge like models of locally anisotropic gravity (see 
[IMl [213 Ell [IIll [Ml [228j ) . 

On N-anholonomic manifolds, we can say that the coordinates are 
holonomic and the coordinates y"' are nonholonomic (on N-anholonomic 
vector bundles, such coordinates are called respectively to be the horizontal 
and vertical ones). We conclude that a N-anholonomic manifold V pro- 
vided with a metric structure g ([T7|) (equivalently, with a d-metric 
is a usual manifold (in particular, a pseudo-Riemannian one) with a pre- 
scribed nonholonomic n + m splitting into conventional "horizontal" and 
"vertical" subspaces ([9]) induced by the "off-diagonal" terms N^{u) and the 
corresponding preferred nonholonomic frame structure (jlSp . 

2.2.3 d torsions and d curvatures 

From the general class of linear connections which can be defined on a man- 
ifold y, and any its N-anholonomic versions V, we distinguish those which 
are adapted to a N-connection structure N. 

A distinguished connection (d connection) D on a N-anholonomic 
manifold V is a linear connection conserving under parallelism the Whitney 
sum ([9]). For any d-vector X, there is a decomposition of D into h- and 
v-covariant derivatives, 

Dx= XJD = hX\Y)+ vX\Ti =Dhx + D^x = hDx + vDx- (25) 

The symbol "J" in ([25|) denotes the interior product defined by a metric (fTT]) 
(equivalently, by a d-metric ()16p ). The N-adapted components F"^^ of a 
d-connection = (e^jD) are defined by the equations 

D„e^ = F^^^e^, or {u) = (D„e^)Je^. (26) 

The N-adapted splitting into h- and v-covariant derivatives is stated by 

KD = {Dfc = (4„L^,)}, and = {D, = {C],,Cl)}, 

where 

Lj, = (Dfce,)Je\ L^, = (Dfce,)Je^ C], = {T>,e,)\e\ = (D,eb)Je^ 

The components F''^^^ = (^Lj/^, L'^k^^jc^^bcj completely define a d-connec- 
tion D on a N-anholonomic manifold V. We shall write conventionally that 
D ={hD, vD), or D„ = (A,I)a), with hD = {L)^,Ll^) and vD = (q^, 
CI), see m- 

The torsion and curvature of a d-connection D =(hD, vD), d— 
torsions and d— curvatures, are defined similarly to formulas ^ and 
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([5]) with further h- and v-decompositions. The simplest way to perform 
computations with d-connections is to use N— adapted differential forms 
like 

= r^^^e^ (27) 

with the coefficients defined with respect to and ([131) • For instance, 
torsion can be computed in the form 

= De" = de" + r"^ A e^^. (28) 

Locally it is characterized by (N-adapted) d-torsion coefficients 

jk ^ jk kj: ^ ja aj jo.' ji i«' 

dNl 

By a straightforward d-form calculus, we can compute the N-adapted com- 
ponents R = {R-"^^^} of the curvature 

n^p = Dr"^ = dT^fs - a r-^ = R^^e^ a e^ (so) 

of a d-connection D, 



(31) 



Ta rpa i ja n-ia x^a /^a /'o^^ 

bi — ~^ ib — ^ biy ^ be — ^ be ~ ^ cb- K^^) 



^\jk 


= ekL\j 


~ hk ~r ^ hj^ mk 


~ ^ hk-^ mj ~ ^ ha^'' kj 


pa 

-n- bjk 


= ekL\ 


~ ^j^'^bk + L'^bj^'^ck ~ 


^ bk^ cj ~ bc^'' kj: 


r>i 

^ jka 


= f^aL^jk 


— D^C^j^ + C^jf^T\^, 




^^bka 


= Sa^ bk 


— DkC\^ + C\^T\^, 




ni 

^ jbc 


= e^C'jb 


— CbC^j^ + C jbC\c ~ 


f^h f~ii 
^ jc^ hb: 


r>a 

-ft bed 


= e.dC%c 


— ^cC%fi + c%^c\^ — 


fed*-" ec- 



Contracting respectively the components of ()3ip . one proves that the 
Ricci tensor Rq,^ = R^„^^ is characterized by h- v-components, i.e. d- 
tensors, 

Rij = R j^jk, Ria =F ~R ika: ^ai ^ ^ aib: -^ab =F R abc (3^) 

It should be noted that this tensor is not symmetric for arbitrary d-connecti- 
ons D, i.e. Ra/3 / Rso. 

The scalar curvature of a d-connection is 

^R = g"^R„^ = g'm^, + h'^'^Rab, (33) 

defined by a sum the h- and v-components of (j32p and d-metric (|16p. 

The Einstein d-tensor is defined and computed similarly to ([7]), but for 
d-connections, 

= Ra/3 - -g«/3 ^R (34) 

This d-tensor defines an alternative to lE^p (nonholonomic) Einstein con- 
figuration if its d-connection is defined in a unique form for an off-diagonal 
metric (fTHI). 
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2.2.4 Some classes of distinguished or non— adapted linear con- 
nections 



From the class of arbitrary d-connections D on V, one distinguishes those 
which are metric compatible (metrical d connections) satisfying the 
condition 

Dg = (35) 

including all h- and v-projections 

DjOkl = 0, DaOkl = 0, Djhab = 0, Dahc = 0. 

Different approaches to Finsler-Lagrange geometry modelled on TM (or on 
the dual tangent bundle T*M, in the case of Cartan-Hamilton geometry) 
were elaborated for different d-metric structures which are metric compat- 
ible 021 [Ml [Ml [Ml lini [Ml [Ml IMl [223 or not metric compatible 

m- 

For any d-metric g = [hg, vg] on a N-anholonomic manifold V, there is 
a unique metric canonical d-connection D satisfying the conditions Dg =0 
and with vanishing /i(/i/i)-torsion, f (?;u)-torsion, i. e. hT{hX, hY) = 
and vT{vX, vY) = 0. By straightforward calculations, we can verify that 
f"„^=(%'^6fc.qc,C*,«c)>when 

L]k = {ekgjr + ejgkr - ergjk) , (36) 

C]^ = ^g^'^ecgjk, = ^h"'^ (e^/iM + echcd - edhc) 

result in T*.^ = and T^^ = but T*j-^,T"- and T']^ are not zero, see 
formulas (|29p written for this canonical d-connection. 

For any metric structure g on a manifold V, there is a unique metric 
compatible and torsionless Levi Civita connection V = { 1^/37} ^^r which 
iT = and s/g = 0. This is not a d-connection because it does not preserve 
under parallelism the N-connection splitting ^ (it is not adapted to the 
N-connection structure). Let us parametrize its coefficients in the form 

ra { /^^\ 

. — \\^jk->i ^jk->\ -^bk-> \^bk->\'^jb->\'^jb->\'^bc->\'^bc)-> 

where 

Vefc(ej) = |L*^ej + iLji^Ca, \/e^.{eb) = i-L^^e^ + i-L^^ea, 
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A straightforward calculuqj shows that the coefficients of the Levi-Civita 
connection can be expressed in the form 



= -^j-fci i-^jfc = —Cjbdikh"' — -^jk, (37) 



2 

1„. . 1 



2 
9 



where QP-^ are computed as in formula (jl2p . For certain considerations, it is 
convenient to express 

= f + (38) 

where the exphcit components of distorsion tensor i-^'^q,^ can be defined 
by comparing the formulas (|37|) and (j36|) : 



^Zlk = ln^jkhcbg^'-l{S]6t-9jk9'')cl, 

>ZSk = liS^A + Kdh''')[Ltk-eb{N'k)], 

.Zl, = \^%h,bg'' + \{5]5t - 9,kg''')Cl, 

.Z^b = -\{S^jt-hcbh'''')[L'^,-e,{N^)], ,ZS, = 0, (39) 

^Z'ab = -^{[Ll^-ea{N^)]h,,+ [Lt^-eb{N^)]Ka}. 



It should be emphasized that all components of i^'^ajS^'^'^ajS ^^'^ 'Z^jj are 
uniquely defined by the coefficients of d-metric (I16p and N-connection ([8]), 
or equivalently by the coefficients of the corresponding generic off-diagonal 
metric (fTSll. 



®Such results were originally considered by R. Miron and M. Anastasiei for vector bun- 
dles provided with N-connection and metric structures, see Ref. [108) . Similar proofs hold 
true for any nonholonomic manifold provided with a prescribed N-connection structure 
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2.3 On equivalent (non)holonomic formulations of gravity 
theories 

A N anholonomic Riemann Cartan manifold ^'^V is defined by a 
d-metric g and a metric d-connection D structures. We can say that a 
space is a canonical N-anholonomic Riemann manifold if its d-connecti- 
on structure is canonical, i.e. D =D. The d-metric structure g on ^'^V is 
of type and satisfies the metricity conditions (f55|) . With respect to 
a local coordinate basis, the metric g is parametrized by a generic off- 
diagonal metric ansatz p8p . For a particular case, we can treat the torsion 
T as a nonholonomic frame effect induced by a nonintegrable N-splitting. 
We conclude that a manifold is enabled with a nontrivial torsion (j29p 
(uniquely defined by the coefficients of N-connection ([8]) , and d-metric (I16p 
and canonical d-connection (j36p structures). Nevertheless, such manifolds 
can be described alternatively, equivalently, as a usual (holonomic) Riemann 
manifold with the usual Levi Civita for the metric (jl7p with coefficients 
(lisp . We do not distinguish the existing nonholonomic structure for such 
geometric constructions. 

Having prescribed a nonholonomic n + m splitting on a manifold V, we 
can define two canonical linear connections V and D. Correspondingly, these 
connections are characterized by two curvature tensors, ,R'^p^g{'V) (com- 
puted by introducing ,r^^ into and ([30])) and R"^^5(D) (with the N- 
adapted coefficients computed following formulas (f3T]l ). Contracting indices, 
we can commute the Ricci tensor i?ic(V) and the Ricci d-tensor Ric(D) 
following formulas (I32p . correspondingly written for V and D. Finally, us- 
ing the inverse d-tensor g"^ for both cases, we compute the corresponding 
scalar curvatures ^R{V) and ''R(D), see formulas (p3]l by contracting, 
respectively, with the Ricci tensor and Ricci d-tensor. 

The standard formulation of the Einstein gravity is for the connection 
V, when the field equations are written in the form ([7]). But it can be 
equivalently reformulated by using the canonical d-connection, or other con- 
nections uniquely defined by the metric structure. If a metric (jlSp g^^ is a 
solution of the Einstein equations ,Ea/3 = having prescribed a (n + m)- 
decomposition, we can define algebraically the coefficients of a N-connection, 
A^f, N-adapted frames Cq (fTBj) and (HH), and d-metric ga/s = [dij^hab] 
(fT6l) . The next steps are to compute T'^^^, following formulas (136]) . and then 

using (f3T|) . ([32]) and ([33]) for D, to define E^/? (plj) . The Einstein equa- 
tions with matter sources, written in equivalent form by using the canonical 
d-connection, are 

= Tafs + ^r^fs, (40) 

where the effective source "^Tq,^ is just the deformation tensor of the Ein- 
stein tensor computed by introducing deformation ()38p into the left part 
of d?]); all decompositions being performed with respect to the N-adapted 
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co-frame (fTll) . when ,£'0/3 = E^^ — ■^tap- For certain matter field/ string 
gravity configurations, the solutions of (00]) also solve the equations ([7]). 
Nevertheless, because of generic nonlinear character of gravity and gravity- 
matter field interactions and functions defining nonholonomic distributions, 
one could be certain special conditions when even vacuum configurations 
contain a different physical information if to compare with usual holonomic 
ones. We analyze some examples: 

In our works [20H 1228^ I202j , we investigated a series of exact solutions 
defining N-anholonomic Einstein spaces related to generic off-diagonal solu- 
tions in general relativity by such nonholonomic constraints when Ric(D) = 
-Ric(V), even In this case, for instance, the solutions of the Einstein 

equations with cosmological constant A, 

= (41) 

can be transformed into metrics for usual Einstein spaces with Levi Civita 
connection V. The idea is that for certain general metric ansatz, see sec- 
tion 13.31 the equations (I4ip can be integrated in general form just for the 
connection D but not for V. The nontrivial torsion components 

ja aj — ^ ja^ ji ~ ij ji^ hi — ib — Q^b bi^ 

(42) 

see (j29p . for some configurations, may be associated with an absolute anti- 
symmetric iJ-fields in string gravity [5'6\ I139| , but nonholonomically trans- 
formed to N-adapted bases, see details in [20H 1228] . 

For more restricted configurations, we can search solutions with metric 
ansatz defining Einstein foliated spaces, when 

J]^^fc = 0, Ll, = eh{N',), ai, = 0, (43) 

and the d-torsion components (j42p vanish, but the N-adapted frame struc- 
ture has, in general, nontrivial anholonomy coefficients, see ()15p . One 
present a special interest a less constrained configurations with T^j^, = 

^jk 7^ ^ when Ric(D) = RiciV) and T^-^ = T^" = 0, for certain general 
ansatz T*^-^ = and T'^j = 0, but R-^^.y^ 7^ i^"/37<5' such cases, we con- 
strain the integral varieties of equations ()4ip in such a manner that we 
generate integrable or nonintegrable distributions on a usual Einstein space 
defined by V. This is possible because if the conditions (031) are satisfied, 

^One should be emphasized here that different type of connections on N-anholonomic 
manifolds have different coordinate and frame transform properties, ft is possible, for in- 
stance, to get equalities of coefficients for some systems of coordinates even the connections 
are very different. The transformation laws of tensors and d-tensors are also different if 
some objects are adapted and other are not adapted to a prescribed N-connection struc- 
ture. 
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the deformation tensor ,Z^^^ = 0, see (|39]l . For A = 0, if n + m = 4, for 
corresponding signature, we get fohated vacuum configurations in general 
relativity. 

For N-anholonomic manifolds V""'"" of odd dimensions, when m = n, 
and if gij = hij (we identify correspondingly, the h- and v-indices), we 
can consider a canonical d-connection D = {hD, vD) with the nontrivial 
coefficients with respect to Gi, and e'^ parametrized respectively F"^^ = 

L'jk = ^9'''{ek9jh + ejgkh-ehgjk), (44) 

C%c = ^5"'' {ebgec + ecOeb - Gegbc) , 

defining the generalized Christoffel symbols. Such nonholonomic configura- 
tions can be used for modelling generalized Finsler-Lagrange, and particular 
cases, defined in Refs. [Ml [TOH] for V"+" = TM, see below section EH 
There are only three classes of d-curvatures for the d-connection (I44p . 

R\jk = ^kL\j — ejL\i^ -\- L'^jL\i^ — L"lj^L\j — C\ij^Q°'i.j, (45) 

where all indices a, h, i, j, ... run the same values and, for instance, — >■ 
C^jk, ... Such locally anisotropic configurations are not integrable if ^"'kj 
even the d~torsion components T*^-^ = and T"^^^ = 0. We note that for 
geometric models on V""''"', or on TM, with gij = hij, one writes, in 
brief, F"^^ = i^L"^ jk^C^^ , or, for more general d-connections, F"^^ = 

jk,C\^ , see below section [3?T| on Lagrange and Finsler spaces. 

3 Nonholonomic Deformations of Manifolds and 
Vector Bundles 

This section will deal mostly with nonholonomic distributions on manifolds 
and vector/ tangent bundles and their nonholonomic deformations mod- 
elling, on Riemann and Riemann-Cartan manifolds, different types of gen- 
eralized Finsler-Lagrange geometries. 



3.1 Finsler-Lagrange spaces and generalizations 

The notion of Lagrange space was introduced by J. Kern ^87j and elaborated 
in details by R. Miron's school, see Refs. [Ml [Ml [Ml [Ml [1121 [M], as 

*the equalities of indices "i — a" are considered in the form "i = l = a = n + l, 
i — 2 — a = n + 2, ... i — n — a = n + n" 
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a natural extension of Finsler geometry [42 ^ 1145^ 11021 (see also Refs. 
[1801 11831 12161 120H I228j . on Lagrange-Finsler super/noncommutative ge- 
ometry). Originally, such geometries were constructed on tangent bundles, 
but they also can be modelled on N-anholonomic manifolds, for instance, as 
models for certain gravitational interactions with prescribed nonholonomic 
constraints deformed symmetries. 



3.1.1 Lagrange spaces 

A differentiable Lagrangian L(x,y), i.e. a fundamental Lagrange func- 
tion, is defined by a map L : {x,y) € TM L{x,y) € M of class C°° on 
TM = TM\{0} and continuous on the null section : M ^ TM of vr. A 
regular Lagrangian has non-degenerate Hessian 

when rank \gij\ = n and ^g'^^ is the inverse matrix. A Lagrange space is 
a pair L" = [M, L{x, y)] with ^gij being of fixed signature over V = TM. 
One holds the results: The Euler Lagrange equations 

d /dL\ dL _^ 
cIt \dy^ J dx^ 

where = ^ for x^{t) depending on parameter r, are equivalent to the 
"nonlinear" geodesic equations 

(fx"- I, dx^. 

^ + 2G%x\-) = , 

defining paths of a canonical semispray 
where 

There exists on V ~ TM a canonical N-connection 

L dG-{x,y) 

defined by the fundamental Lagrange function y), which prescribes non- 
holonomic frame structures of type (fTSl) and (fT^ . ^e^ = ( ^ei,ea) and 
^ef^ = (e*, -^e"). One defines the canonical metric structure 

^g = ^gijix, y) e' + ^gij^x, y) ^e' ® ^e^ (48) 
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constructed as a Sasaki type lift from M for ^gij{x,y), see details in |248t 

MM. 

There is a unique canonical d-connection = {h ^D, v ^D) with 
the coefficients ^'^'^p^ = ( jk^ ^^bc) computed by formulas for 
the d-metric ()48p with respect to and ■^e^. All such geometric objects, 
including the corresponding to ^'^'^p^, and ^N'^ d-curvatures 

^R"^^5 = ( ^P^,„, , see are completely defined by a 

Lagrange fundamental function L{x,y) for a nondegerate 

Let us consider how a Lagrange mechanics can be modelled on nonholo- 
nomic Riemann, usual Riemann, or Riemann-Cartan manifolds. We take a 
manifold V"''^"', dimV = n + n, and consider a metric structure (jlSp for a 
particular case when the values gij and are respectively of type (fi6l) and 
(j47p for a function L{x,y) on y, with nondegenerate ^^jj. The preferred 
frame structure on V is defined by introducing ^Nj in the class of vierbein 
transforms (I22p with coefficients (I23p and ()24p . All data can be redefined 
for a d-metric (|16p but generated by L in a form equivalent to ■^g (|48p . with 
that difference that the first geometric object is defined on a N-anholonomic 
manifold but the second one is considered on a TM. 

The next step of modelling is to decide what kind of linear connection 
we chose. There are two canonical, equivalent, possibilities. If we take (j36|) . 
on we model a Riemann-Cartan manifold with induced torsion ()42p . 

in this case, completely defined by L and respective ^gij and ^Nj. We 
can simplify the constructions for a normal canonical d-connection (I44p and 
generate a nonholonomic Riemann manifold with nonintegrable structure 
Finally, we note that all constructions can be re-defined for the Levi 

Civita connection if we consider fL'^^^ = ^'^"'^p + ^^^ap type (fHTj) . 
where the values are computed following formulas (I38p and ()39p (also com- 
pletely defined by L and respective ^gij and ^Nj). Such constructions are 
not adapted to the N-connection structure: we work with arbitrary frame 
and coordinate transforms and hidden Lagrange structure which appear in 
explicit form only with respect to certain preferred, N-adapted, frames of 
reference. 

We conclude that any regular Lagrange mechanics can be geometrized 
as a nonholonomic Riemann manifold equipped with the canonical N- 
connection ^Nj ()47p . This geometrization was performed in such a way that 
the N-connection is induced canonically by the semispray configurations 
subjected the condition that the generalized nonlinear geodesic equations 
are equivalent to the Euler-Lagrange equations for L. Such mechanical mod- 
els and semispray configurations can be used for a study of certain classes 
of nonholonomic effective analogous of gravitational interactions. The ap- 
proach can be extended for more general classes of effective metrics, then 
those parametrized by (148 p . see next sections. After Kern and Miron and 
Anastasiei works, it was elaborated the so-called "analogous gravity" ap- 
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proach [L8l with similar ideas modelling related to continuous mechanics, 
condensed media.... It should be noted here, that the constructions for 
higher order generalized Lagrange and Hamilton spaces [103^ I104^ 1112^ I106j 
provided a comprehensive geometric formalism for analogous models in grav- 
ity, geometric mechanics, continuous media, nonhomogeneous optics etc etc. 

3.1.2 Finsler spaces 

Following the ideas of the Romanian school on Finsler-Lagrange geometry 
and generalizations, any Finsler space defined by a fundamental Finsler 
function F{x,y), being homogeneous of type F{x,Xy) = |A[ F{x,y), for 
nonzero A G M, may be considered as a particular case of Lagrange space 
when L = (on different rigorous mathematical definitions of Finsler 
spaces, see |145t 1102^ \W7\ \108\ EH [IT]; in our approach with applications to 
physics, we shall not constrain ourself with special signatures, smooth class 
conditions and special types of connections). Historically, the bulk of math- 
ematicians worked in an inverse direction, by generalizing the constructions 
from the Cartan's approach to Finsler geometry in order to include into 
consideration regular Lagrange mechanical systems, or to define Finsler ge- 
ometries with another type of nonlinear and linear connection structures. 
The Finsler geometry, in terms of the normal canonical d-connection ()44p . 
derived for respective ^gij and ^Nj, can be modelled as for the case of 
Lagrange spaces consudered in the previous section: we have to change for- 
mally all labels L — > F and take into consideration possible conditions of 
homogeneity (or TM, see the monographs [107^ I108j ) . 

For generalized Finsler spaces, a N-connection can be stated by a gen- 
eral set of coeficients Nj subjected to certain nonholonomy conditions. Of 
course, working with homogeneous functions on a manifold "5/"+", we can 
model a Finsler geometry both on holonomic and nonholonomic Riemannian 
manifolds, or on certain types of Riemann-Cartan manifolds enabled with 
preferred frame structures ^e^, = ( ^ei,ea) and ^e'^ = (e*, ^e"). Bellow, 
in the section 13.31 we shall discuss how certain type Finsler configurations 
can be derived as exact solutions in Einstein gravity. Such constructions 
allow us to argue that Finsler geometry is also very important in standard 
physics and that it was a big confusion to treat it only as a "sophisticated" 
generalization of Riemann geometry, on tangent bundles, with not much 
perspectives for modern physics. 

In a number of works (see monographs [107^ 11081 117j ). it is emphasized 
that the first example of Finsler metric was considered in the famous inaugu- 
ration thesis of B. Riemann jl44|. long time before P. Finsler [58j. Perhaps, 
this is a reason, for many authors, to use the term Riemann-Finsler geom- 
etry. Nevertheless, we would like to emphasize that a Finsler space is not 
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completely defined only by a metric structure of type 



p _ 1 d'^F 

originally considered on the vertical fibers of a tangent bundle. There are 
necessary additional conventions about metrics on a total Finsler space, 
N-connections and linear connections. This is the source for different ap- 
proaches, definitions, constructions and ambiguities related to Finsler spaces 
and applications. Roughly speaking, different famous mathematicians, and 
their schools, elaborated their versions of Finsler geometries following some 
special purposes in geometry, mechanics and physics. 

The first complete model of Finsler geometry exists due to E. Cartan 
[22] who in the 20-30th years of previous century elaborated the concepts of 
vector bundles, Rieman-Cartan spaces with torsion, moving frames, devel- 
oped the theory of spinors, Pfaff forms ... and (in coordinate form) operated 
with nonlinear connection coefficients. The Cartan's constructions were per- 
formed with metric compatible linear connections which is very important 
for applications to standard models in physics. 

Latter, there were proposed different models of Finsler spaces with metric 
not compatible linear connections. The most notable connections were those 
by L. Berwald, S. -S. Chern (re-discovered by H. Rund), H. Shimada and 
others (see details, discussions and bibliography in monographs |107t llOSj 
[T71 1145j ) . For d-connections of type (fill) , there are distinguished three cases 
of metric compatibility (compare with h- and v-projections of formula (j35p ): 
A Finsler connection ^Dq, = ( ^ D^, ^ Da) is called h-metric if ^ Df gij = 0; 
it is called v-metric if ^Da ^ gij = and it is metrical if both conditions are 
satisfied. 

Here, we note four of the most important Finsler d-connections having 
their special geometric and (possible) physical merits: 



1. The canonical Finsler connection is defined by formulas 
but for ^Qij, i.e. as ^r"^^ = ^ ^ U -f^, ^^%c) ■ This d-connection is 
metrical. For a special class of N-connections '^'Nj{x^,y^) = ^ U ^-^ 
we get the famous Cartan connection for Finsler spaces, '^r"^^ = 

( ""L^jk^ ""C^)) , with 



^^^•fc = \ ^g'^'i ^efc ^g,h + ^e, ^ guh - ^gjk), (50) 



where 



d d , d 
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which can be defined in a unique axiomatic form |102j . Such canonical 
and Cartan-Finsler connections, being metric compatible, for non- 
holonomic geometric models with local anisotropy on Riemann or 
Riemann-Cartan manifolds, are more suitable with the paradigm of 
modern standard physics. 

2. The Berwald connection was introduced in the form T'^o — 



connection structure but it is not metric compatible, both not h-metric 
and not v-metric. 

3. The Chern connection '^'^D was considered as a minimal Finsler 
extension of the Levi Civita connection, '^'^r"^^ = ^ '^L*^-^,0^ , with 

^L'^jk defined as in ([50|) . preserving the torsionless condition, being 
h-metric but not v-metric. It is an interesting case of nonholonomic 
geometries when torsion is completely transformed into nonmetricity 
which for physicists presented a substantial interest in connection to 
the Weyl nonmetricity introduced as a method of preserving conformal 
symmetry of certain scalar field constructions in general relativity, see 
discussion in [70]. Nevertheless, it should be noted that the construc- 
tions with the Chern connection, in general, are not metric compatible 
and can not be applied in direct form to standard models of physics. 

with '^C"f,^ defined as in (jSOp . which is v— metrical but not h-metrical. 

It should be noted that all mentioned types of d-connections are uniquely 
defined by the coefficients of Finsler type d-metric and N-connection struc- 
ture (equivalently, by the coefficients of corresponding generic off-diagonal 
metric of type p8|) ) following well defined geometric conditions. From such 
d-connections, we can always 'extract' the Levi Civita connection, using 
formulas of type ([37|) . ([38]) and ([39]) . and work in 'non-adapted' (to N- 
connection) form. From geometric point of view, we can work with all 
types of Finsler connections and elaborate equivalent approaches even dif- 
ferent connections have different merits in some directions of physics. For 
instance, in |107[ 1108] . there are considered the Kawaguchi metrization pro- 
cedure and the Miron's method of computing all metric compatible Finsler 
connections starting with a canonical one. It was analyzed also the problem 
of transforming one Finsler connection into different ones on tangent bundles 
and the formalism of mutual transforms of connections was reconsidered for 
nonholonomic manifolds, see details in |228j . 

Different models of Finsler spaces can be elaborated in explicit form 
for different types of d-metrics, N-connections and d-connections. For in- 




, I [27] . This d-connection is defined completely by the N- 
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stance, for a Finsler Hessian (149 p defining a particular case of d-metrics 
(|48p . or (jl6p . denoted ■^g, for any type of connection (for instance, canon- 
ical d-connection, Cartan-Finsler, Berwald, Chern, Hashigushi etc), we 
can compute the curvatures by using formulas (j45p when "hat" labels are 
changed into the corresponding ones "C, 5, C/i, //..." . This way, we model 
Finsler geometries on tangent bundles, like it is considered in the bulk of 
monographs [121 \W2\ \W7\ \WS\ [Ml [IZj , or on nonholonomic manifolds 
[MTIIMHI 17311251 [228]. 

With the aim to develop new applications in standard models of physics, 
let say in classical general relativity, when Finsler like structures are mod- 
elled on a (pseudo) Riemannian manifold (we shall consider explicit exam- 
ples in the next sections), it is positively sure that the canonical Finsler and 
Cartan connections, and their variants of canonical d-connection on vector 
bundles and nonholonomic manifolds, should be preferred for constructing 
new classes of Einstein spaces and defining certain low energy limits to lo- 
cally anisotropic string gravity models. Here we note that it is a very difficult 
problem to define Finsler-Clifford spaces with Finsler spinors, noncommuta- 
tive generalizations to supersymmetric/ noncommutative Finsler geometry 
if we work with nonmetric d-connections, see discussions in [2281 12251 1183j . 

We cite a proof [T7] that any Lagrange fundamental function L can 
be modelled as a singular case for a certain class of Finsler geometries of 
extra dimension (perhaps, the authors were oriented to prove from a math- 
ematical point of view that it is not necessary to develop Finsler geometry 
as a new theory for Lagrange spaces, or their dual constructions for the 
Hamilton spaces). This idea, together with the method of Kawaguchi-Miron 
transforms of connections, can be related to the H. Poincare philosophical 
concepts about conventionality of the geometric space and field interaction 
theories [1371 1138] . According to the Poincare's geometry-physics dualism, 
the procedure of choosing a geometric arena for a physical theory is a ques- 
tion of convenience for researches to classify scientific data in an economical 
way, but not an action to be verified in physical experiments: as a matter of 
principe, any physical theory can be equivalently described on various types 
of geometric spaces by using more or less "simple" geometric objects and 
transforms. 

Nevertheless, the modern physics paradigm is based on the ideas of ob- 
jective reality of physical laws and their experimental and theoretical ver- 
ifications, at least in indirect form. The concept of Lagrangian is a very 
important geometrical and physical one and we shall distinguish the cases 
when we model a Lagrange or a Finsler geometry. A physical or mechanical 
model with a Lagrangian is not only a " singular" case for a Finsler geometry 
but reflects a proper set of concepts, fundamental physical laws and symme- 
tries describing real physical effects. We use the terms Finsler and Lagrange 
spaces in order to emphasize that they are different both from geometric 
and physical points of view. Certain geometric concepts and methods (like 
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the N-connection geometry and nonholonomic frame transforms ...) are 
very important for both types of geometries, modehed on tangent bundles 
or on nonholonomic manifolds. This will be noted when we use the term 
Finsler-Lagrange geometry (structures, configurations, spaces). 

One should be emphasized that the author of this review should not 
be considered as a physicist who does not accept nonmetric geometric con- 
structions in modern physics. For instance, the Part I in monograph [22Hj is 
devoted to a deep study of the problem when generalized Finsler-Lagrange 
structures can be modelled on metric-affine spaces, even as exact solutions 
in gravity with nonmetricity [70], and, inversely, the Lagrange-affine and 
Finsler-affine spaces are classified by nonholonomic structures on metric- 
affine spaces. It is a question of convention on the type of physical theories 
one models by geometric methods. The standard theories of physics are 
formulated for metric compatible geometries, but further developments in 
quantum gravity may request certain type of nonmetric Finsler like geome- 
tries, or more general constructions. This is a topic for further investigations. 



3.1.3 Generalized Lagrange spaces 

There are various application in optics of nonhomogeneous media and grav- 
ity (see, for instance, Refs. \108\ 1228] [57 1 1201] ) considering metrics of type 
Qij ~ e^(^'^) ^gij{x,y) which can not be derived directly from a mechanical 
Lagrangian. The ideas and methods to work with arbitrary symmetric and 
nondegenerated tensor fields gij{x, y) were concluded in geometric and phys- 
ical models for generalized Lagrange spaces, denoted GL" = (M , gij {x , y)) , 
on TM, see |107t 1108] , where gij{x,y) is called the fundamental tensor 
field. Of course, the geometric constructions will be equivalent if we shall 
work on N-anholonomic manifolds V"^" with nonholonomic coordinates y. 
If we prescribe an arbitrary N~connection N^{x, y) and consider that a met- 
ric gij defines both the h- and -v-components of a d-metric ()16p . we can 
introduce the canonical d-connection (I44p and compute the components of 
d-curvature (|45|) . define Ricci and Einstein tensors, elaborate generalized 
Lagrange models of gravity. 

If we work with a general fundamental tensor field gij which can not be 
transformed into ^gij, we can consider an effective Lagrange function |£|, 

^x,y) = gab{x,y)y°-y^ 

and use 



9 

tions in 



'in [1071 110^ . it is called the absolute energy of a GL"-space, but for further applica- 
s in modern gravity the term "energy" may result in certain type ambiguities 
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as a Lagrange Hessian (jl8l) . A space GL" = {M , gij (x , y)) is said to be with 



a weakly regular metric if L" 



M,L= J\C 



is a Lagrange space. For 



such spaces, we can define a canonical nonlinear connection structure 



for 



4 \ dy^dx^ dx"- 
4 ^ V Sy-^ dy^ dy' ' ^ ^ 



which allows us to write ^Nj is terms of the fundamental tensor field 
gij{x,y). The geometry of such generalized Lagrange spaces is completely 
similar to that of usual Lagrange one, with that difference that we start not 
with a Lagrangian but with a fundamental tensor field. 

In our papers [2U4t [5]. we proposed to see also nonholonomic transforms 
of a metric ^ga'b'{x,y) 

9ab{x,y) = e^' {x,y)ej^' {x,y) ^ga'b'{x,y) (53) 

when ^ 

^ga'b' =F - (Ca'eb'C + Cb'Sa'C) = ^ga'b', 

for Cq' = e"^/(x,y)^^, where '^ga'b' are constant coefficients (or in a more 
general case, they should result in a constant matrix for the d-curvatures 
(fSTI) of a canonical d-connection (f36]l ). Such constructions allowed to de- 
rive proper solitonic hierarchies and bi-Hamilton structures for any (pseudo) 
Riemannian or generalized Finsler-Lagrange metric. The point was to work 
not with the Levi Civita connection (for which the solitonic equations be- 
came very cumbersome) but with a correspondingly defined canonical d- 
connection allowing to apply well defined methods from the geometry of 
nonlinear connections. Having encoded the "gravity and geometric mechan- 
ics" information into solitonic hierarchies and convenient d-connections, the 
constructions were shown to hold true if they are "inverted" to those with 
usual Levi Civita connections. 



3.2 Effective Finsler-Lagrange (algebroid) structures 

All valuable physical solutions in general gravity and generalizations are 
characterized by corresponding symmetries of spacetime metrics, see re- 
views of such constructions in Refs. |9mi28| and, for nonholonomic solutions, 
[228]. For instance, a special importance is given to spacetimes with spher- 
ical, cylindrical, or toroidal symmetries, and, in general, to gravitational 
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distributions characterized by Killing symmetries, or by metrics conformal 
to the flat Minkowski metric. In this section, we show that, as a matter 
of principle, any (pseudo) Riemannian manifold can be deformed by non- 
holonomic trasforms into some classes of N-anholonomic manifolds and/or 
gravitational Lie algebroid configurations [202]. 

We note that applying any general frame or coordinate transforms ([I]), 
when the metric transforms are of type Qap = (n)j4^ {u)ga'p'-, a La- 
grange, or Finsler, structure, characterized by a "prime" d-metrics of type 
(j48p . with coefficients ()46p . or (|49p . became "hidden" into some general for- 
mulas for metrics and linear connections. The bulk of solutions in Einstein 
gravity and generalizations can be associated to certain models of generalized 
Lagrange (or Finsler) spaces not in explicit form but via some special types of 
nonholonomic deformations (transforms) of the frame/ N-connection, met- 
ric and linear connection structures. 

The aim of this section is to examine some important examples of non- 
holonomic transforms preserving the N-connection splitting ([9|). 

3.2.1 N adapted nonholonomic transforms 

We use the term "transforms/ transformations" of geometric objects if we 
work with usual transforms of the local frames. The spacetime geometry 
and geometrical objects are not changed under such transforms. Fixing a 
frame structure (holonomic or nonholonomic one), we can consider "defor- 
mations" of geometric objects induced by deformations of the metric, or 
linear connection structure. 

The spacetime geometry and geometric objects are changed under holo- 
nomic of nonholonomic deformations. For instance, fixing a co-frame = 
du'^ , we define conformal maps of metrics as local re-scaling of metric co- 
efficients, 

g = ga'p' e"' e^' ^ "^g = uP'gap e" e^, 

i.e. ^gai3 = uj'^{u)gaf3{u), when e" = (5^/6"' which mean that we deform the 
metric structure and the spacetime geometry is changed under such maps 
(we get another types of connections and curvatures). In an alternative 
form, we can say that a conformal transform of metric, ^g, is generated 
from g by an active frame transform — > e" = a;(5",e" . Such (active) 
frame transforms preserve the spacetime geometry. Similar properties exist 
for more general classes of transforms (deformations) on N-anholonomic 
manifolds. 

In the simplest case, for a fixed trivial N-connection structure in ()23p . 
when A^" = and ef{u) = uj{u) 5f and e^{u) = io{u) 6a~, we model confor- 
mal transforms ^gap = where g^^ is a flat metric on a manifold 
yn+m^ For nontrivial N-connection structures, it is convenient to distinguish 
four general classes of nonholonomic frame transforms (deformations): 
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General frame transforms on N anholonomic manifolds: 

Any N-anholonomic structure can be induced by a series of chains of one, 
two, tliree,..., k, ... frame transforms ([T]): 

= e^{u)ea, (54) 
^e^ = ^e^{u)ea = A^' {u)A^{u)eg 



^111. ..k 



where the left-up index label the number of transforms in a chain and we can 
chose a coordinate base Ca = da. The (n+m) x (n+m) dimensional matrices 
A^'" A^" , A^' , A^{u) parametrize arbitrary frame transforms but 
subjected to the condition that their product results is a triangle 

matrix of type ()23p . which induces at the final step of transforms, with fixed 
(n + m)-splitting, a N-connection structure p3|) . 

Having generated a N-anholonomic frame structure e^, applying su- 
perpositions of nonholonomic transforms, we get, in general, hidden N- 
anholonomic frame structures of type 

= 'A^{u)B^ = Af'-\u)...Af{u)A^^!{u)Aj{u)e^. (55) 

We conclude that if a (n + m)-splitting is prescribed by a N-connection 
on a nonholonomic manifold V, we always can model this structure by cer- 
tain chains of nonholonomic frames even the elements of the chains may not 
result in explicit forms of N-anholonomic frames. If the N-anholonomic 
structure of V"'"'"'^ is, for instance, of Lagrange type with canonical N- 
connection (I13p . by chains of transforms (I55p . we can hide the Lagrange 
structure (and, inversely, we can extract the Lagrange structure by chains of 
frame transforms (I54p from certain special Riemannian or Riemann-Cartan 
configutations) . In a more general context, we can work with generalized La- 
grange structures '~'gab{u) and ^Nj{u), see respectively (f?T]) and ([^^ . and 
()53p . hidden or embedded in explicit form into a nonholonomic Riemannian 
space. The aim of such transforms is to relate a (pseudo) Riemannian metric 
structure (it can be a solution of the gravitational field equations) to cer- 
tain generalized Lagrange, or Finsler, geometries which allows to apply new 
geometric methods and define additional symmetries and conservation laws, 
for instance, associated to bi-Hamilton structures and solitonic hierarchies. 



N— adapted frame transforms: 

For the class of general nonholonomic transforms considered above, we can 
can associate subclasses of matrices of type (p3|) for any element of the 
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chains, 

= e^{u)ea, (56) 
'e^ = ^e^{u)e^ = Bf'-\u)...ef{u)e^:{u)e^{u)e^, 



which, for every step, transform an N-adapted base into another one, in 
general, with different N-connection coefficients, but with the same n and 
m for the {n + m)-sphtting. The reason to introduce such transforms is to 
relate a d-metric and N-connection structure to a special type ansatz for 
which the Einstein equations became integrable in general form, see section 
I3.3i There are possible chains of N-anholonomic frame transforms when 
some Lagrange spaces are nonholonomically related to generalized Lagrange 
spaces and then to some classes of exact solutions of the Einstein equations. 
The superpositions of nonholonomic frame transforms may be defined to 
depend on some classes of parameters, see details in ref. [209]. All types of 
nonholonomic deformations may be considered to change the signature of 
metrics if such constructions are necessary. 



N connection transforms with fixed h and v metrics: 

For some purposes, for instance, in constructing exact solutions, or defining 
analogous models of gravity, it is useful to work with more special classes of 
nonholonomic deformations. The transforms of vielbeins (j23p of type 

e>(n) r,\{u)Nt{u)e,^{u) 
ea-(n) J ' 

preserve the h- and v-components of a d-metric ([TO]) , "^gij = gij = efCj-gij 

and "^Qab = gab = ea-e^-gab, for some prescribed values 5y and gab, but 
transform the N-connection, 

N^^m; = 7j^Nt (57) 

where we do not consider summation on repeating both up/low indices. 
Usually, it is supposed that such deformations of the N-connection structure 
preserve the n- and m-dimensions of splitting ([9]) . 







u e 



ea-{u) 



■If, QL 



N anholonomic transforms of h and v metrics: 

We can fix a N-connection N\(u) and consider frame tranforms of type 







a a 
rjcT eaT 
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which result in deformations of the h- and v-metrics, respectively, 



9ij{u) 



ef{u)ef{u)gij_ 

^9ij{u) = r]f{u)'q.-{u)ef{u)ef{u)gij 



(58) 



and 



9ab{u) 



(io^{u)ef{u)gab{u) 

^9ah{u) = ri^-{u)%-{u)ej^{u)ef{u)gab 



(59) 



where we do not consider summation on indices for rjf ef but the Einstein 
summation rule is applied, for instance to "up-low" repeating indices like 



For n + m = 2 + 2, for simplicity, we can work only with diagonalized 
matrices for the h~ and v-components of d-metrics of type (jlGD . when gij = 
diag[gi{u), g2{u)] and hat = diaglh^^u), h4{u)] (such diagonalizations can 
be performed by coordinate transforms for matrices of dimension 3x3 and 
2x2). We can write in effectively diagonalized forms the deformations of 
h- and v-metrics, respectively, (f58l) and (f59]) . 

9a = [9i{u), ha{u)] ^ "^90 = 1 ''gi = r]i{u)gi{u), ''hi = r]a{u)ha{u)] , 

where r]a{u) = [rii{u) , ria{u)] are called polarization functions, see exact so- 
lutions with such polarization functions in Ref. \228\ I201j . The reason to 
introduce such polarizations was that for small polarizations r/a ~ 1 + ea{u), 
where \ea\ <C 1, it was possible to generate small nonholonomic deforma- 
tions of solutions of the Einstein equations, belonging in general to a class 
of exact solutions, but for small deformations possessing, for instance, black 
ellipsoid properties. 

3.2.2 Lie algebroids and N connections 

A Lie algebroid A = {E, [■, ■],p) is defined as a vector bundle £ = {E,Tr, 
M), with a surjective projection vr : — > M, dimM = n and dimE = n + m, 
provided with algebroid structure ([•, •],/?), where [•,•] is a Lie bracket 
on the C°°(M)-module of sections of E, denoted Sec{E), and the 'anchor' 
p is defined bundle map p : E ^ M such that 



for X,Y e Sec{E) and / G C°°(M), see [Ml [TOQ] for general results and 
some applications of Lie algebroid geometry. In local form, the Lie algebroid 
structure is defined by its structure functions p\{x) and C^f^{x) on M, 
determined by the relations 



on underlined ones in e^efgab- 



[X,fY]=f[X,Y]+p{X){f)Y 



p{ea) 
ea,eb] 




(60) 
(61) 
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and subjected to the structure equations 



^'lli-^'^-^''^'^ ('^.& + Cf,Ci)=0. (62) 

cydic(a,b,c) 

for any local basis = (cj, Ca) on £. 

We extended the Lie algebroid constructions for nonholonomic manifolds 
and vector bundles provided with N-connection structure N = {Nf{x,y)}, 
respectively, on V and E, and introduced the concept of N-anholonomic 
manifold = (V, [•,•], p), see details and references in [202^ I210j (we note 
that in this work we use p instead of p). 

The Lie algebroid and N-connection structures prescribe a subclass of 
local both N-adapted and [•, -J-adapted frames 

ea = (ei = ^-iV'^,ea,e5) (63) 



and dual coframes 
for some 



= {e\ = ef' + N^dx'), (64) 

h = efdb, (65) 
when Ccje^ = S^. The N-connection coefficients may be redefined as 

N = N%u)dx'- 7^ = N''i{u)e' ® 4, 
- oy- 

where N\ = e^^ N-- and there are underlined the indices defining the coef- 
ficients with respect to a local coordinate basis. 

Any Lie algebroid structure can be adapted to a prescribed N-connection 
and resulting frame structures (j63|) and (j64|) . This can be done following 
the procedure: Let us re-define the coefficients of the anchor and structure 
functions with respect to the and e", when 

Pli^) Pbix,y) = e\ix,y) e^-{x,y)fr^{x), 

cLix) C^^(x, y) = e^^{x, y) e/(x, y) e^-(x, y)c£(x), 

where the transform e-matrices are linear on coefficients A'^" as can be ob- 
tained from (j23|) . In terms of N-adapted anchor p\{x-,y) and structure 
functions C^j(x,y) (which depend also on variables y""), the structure equa- 
tions of the Lie algebroids ()60p . (I6ip and (I62|] transform respectively into 

Kh) = Pl{x,y) ej, (66) 
[erf, 4] = C^b(x,y) e/ (67) 
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and 

pie.ipl) - pie0,) = fP.Cl,, (68) 

E (te(c(j + c4cL-c^;,p^,Q^£;) = 0, 

cyclic{a,b,e) 

for Qj^feej ~ ^^'b^^'e^f ^i(^6~^e~e'^j) Computed for the values e^'^ and eyf 
taken from ([23]) and ([MD- 

Using N-anholonomic Lie algebroid structures, we can apply certain 
methods of Finsler and Lagrange geometry to spacetimes provided with 
arbitrary d-metrics ()16p when gij ^ h^b, see details and examples of exact 
solutions in Refs. [210j . In the simplest case, for a N-anholomic mani- 
fold V"'"'"'^, we can work with a trivial anchor structure pa = 0, when the 
conditions (1660 and (I68p are satisfied for certain nonholonomic frame con- 
figurations, but with the bracket [•, •] induced by decomposition 

habiu) = e°-'a{u)e^'b{'^)9a'b'{u) 

with 

g = gij{x,y){dx' ®dx^ + e\e\dy'' ®dy''^ 

= gij{x, y) [dx^ dx^ + ® &) (69) 

where & = & a^v'^ states the coefficients C^^(x,y) for (f67|l l^ We can say 
that if Qij 7^ hab, on V""'"", or TM, we work similarly with the generalized 
Lagrange spaces but with modified prescribed frame structures (1630 and 
(|64p when nonholonomy coefficients are nontrivial both for the h-part and 
v-part. In a particular case, we can consider that gij{x,y) from (1691) is of 
type ^gij{x, y), see ()l6]l and (ji8]l (in certain more general or particular cases 
we can take ([55|) . ([?T]) or ([M])), which models a Lagrange N-algebroid struc- 
ture (respectively, generalized Lagrange, or Finsler, N-algebroid structure). 
To work on generalized Lagrange N-algebroids with d-metrics of type (|69p 
is convenient if we apply some methods from almost Hermitian/ K"ahler 
geometry, see section [H The Einstein equations for the d-metric (j69p and 
canonical d-connection defined with respect to N-adapted bases (I63p and 
([M|) are equivalent to equations (|10|) for the canonical d-connection ([36p . 
redefined with respect to N-algebroid bases. 

3.3 An ansatz for constructing exact solutions 

We consider a four dimensional (4D) manifold V of necessary smooth class 
and conventional splitting of dimensions dim V = n+m for n = 2 and m = 2. 

^'^see Refs. |202l I21U) for constructions with nontrivial p; algebroid models with non- 
trivial anchor maps are useful in extra dimension gravity, for instance, with nonholonomic 
splitting of dimensions of type n + m > 5, when n > 2 and m > n; for simplicity, we omit 
such constructions in this work 
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The local coordinates are labelled in the form = = {x^,x^,y^ 

V, y^), for i = 1, 2 and a, b, ... = 3, 4. 

The ansatz of type (1160 is parametrized in the form 



g = gi{x')dx^ (g) dx^ + 52 (a;*) da;^ (g) dx^ 

+h3(^x'',v^ 6v (g 6v + hi (^x'' , 6y<g5y, 

6v = dv + Wi (^x^,v^ dx\ 6y = dy + m (^x^,v^ dx' (70) 

with the coefficients defined by some necessary smooth class functions of 
type 

51,2 = gi,2{x^,x'^), /i3,4 = h3^4{x\v),Wi = Wi{x'' , v),ni = riiix'', v). 

The off-diagonal terms of this metric, written with respect to the coordinate 
dual frame du" = (dx^ydy""), can be redefined to state a N-connection struc- 
ture N = [Nf = Wi{x^, v),Nf = ni{x^, v)] with a N-elongated co-frame (fH]) 
parametrized as 

= dx^, = dx'^,e^ = 5v = dv + Widx^, = 5y = dy + riidx^. (71) 

This vielbein is dual to the local basis 

9 I' k \ 9 f k \ d d d 

Wi[x ,V] ni[x ,V] 63 = — , 64 = — ^, (72) 



ax* V / ov \ / oy° ov oy^ 

which is a particular case of the N-adapted frame ()13p . The metric (I70p does 
not depend on variable y^, i.e. it possesses a Killing vector 64 = d/dy^, and 
distinguish the dependence on the so-called "anisotropic" variable y^ = v. 

Computing the components of the Ricci and Einstein tensors for the 
metric (I70p and canonical d-connection (see details on tensors components' 
calculus in Refs. |210^ I228j). one proves that the Einstein equations ()40p for 
a diagonal with respect to ([7T]l and (f72|) source, 



+ ^T^ = [T\ = T2{x\v),Tl = T2{x\v),Tl = T4(x^),T^ = T4(x*)] 

(73) 

transform into this system of partial differential equations: 

R\ = Rl (74) 

- ' ^^*^* + ^-5r + # + ¥^-^^;'] = -T4(x^), 



si = 



2^192 2^1 2g2 2g2 2gi 

1 



^ ^ 2/i,/i, 



3 "4 



K[\ii^J\h^\] -hi* =-T2{x\v), (75) 



Ru = -|^K*+7<] = 0, (77) 
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where, for /ig 4 7^ 0, 



ai = hld,cl>, (3 = hU*, ^ = -^--^, (78) 

= ln\hy,/\hj^\\, (79) 

when the necessary partial derivatives are written in the form a* = da/dx^, 
a' = da/dx^, a* = da/dv. In the vacuum case, we must consider T2,4 = 0. 
We note that we use a source of type (|73p in order to show that the an- 
holonomic frame method can be applied also for non-vacuum solutions, 
for instance, when T2 = A2 = const and T4 = A4 = const, defining lo- 
cally anisotropic configurations generated by an anisotropic cosmological 
constant, which in its turn, can be induced by certain ansatz for the so- 
called iif-field (absolutely antisymmetric third rank tensor field) in string 
theory [2011 1228| I210j . Here we note that the off-diagonal gravitational in- 
teractions can model locally anisotropic configurations even if A2 = A4, or 
both values vanish. 

In string gravity, the nontrivial torsion components and source kT^^^ 
can be related to certain effective interactions with the strength (torsion) 

of an antisymmetric field -Byp, when 

Riiu = —-^H^''H,j\p (80) 

and 

DxH^^" = 0, (81) 



see details on string gravity, for instance, in Refs. [531 1139] . The conditions 
(j80p and (j8ip are satisfied by the ansatz 



Hpup — Zfj_yp + Hpyp — \h]\J\ 9af3 \^u\p (82) 

where £uXp is completely antisymmetric and the distorsion (from the Levi- 
Civita connection) and 



is defined by the torsion tensor (|28p . Our i?-field ansatz is different from 
those already used in string gravity when Hp^^p = \[h]^/\ 9af3 \£v\p- In our 
approach, we define Hpyp and Zp,yp from the respective ansatz for the in- 
field and nonholonomically deformed metric, compute the torsion tensor for 
the canonical distinguished connection and, finally, define the 'deformed' 
H-field as Hpyp = \h]\/\ 9af3 l^uXp — Zpyp. 
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Summarizing the results for an ansatz ()70p with arbitrary signatures 
Co = (ci, €2) £3, q) (where = ±1) and /13 / and /i| 7^ 0, one proves 
[2nH Eini [SH] that any off-diagonal metric 

+£3/^0(2^') [/* {^"^ {^"^ v)\6v(S) Sv 

+e4f{x\v)-fo{x')f 6y'(^6y\ 
Sv = dv + Wk {x\ v) dx^, 6y^ = dy"^ + {x\v) dx^ , (83) 

where ip{x^) is a solution of the 2D equation 

for a given source T4 (a;*) , 
,{x\v)=,[0] {x')-'{hl{x^) [ T2{x\v)r {x\v) [f{x\v)-fo{x')]dv, 



and the N-connection coefficients = Wi{x^,v) and Nf" = n,(x*^,f) are 
computed following the formulas 

= *f k / ^4 

and 



= ^n, (xO + 'n, [x^] [ , {x\ v) dv, (85) 

define an exact solution of the system of Einstein equations ()74p - (l77|) . It 
should be emphasized that such solutions depend on arbitrary nontrivial 
functions f {x\v) (with /* / 0), /o(x*), hl{x'), <^[o] (x*) , ^n^ (x*) and 
^nfc (x*) , and sources T2{x^,v), T4 (x*) . Such values for the corresponding 
signatures eo, = ±1 have to be defined by certain boundary conditions and 
physical considerations. These classes of solutions depending on integration 
functions are more general than those for diagonal ansatz depending, for 
instance, on one radial variable like in the case of the Schwarzschild solution 
(when the Einstein equations are reduced to an effective nonlinear ordinary 
differential equation, ODE). In the case of ODE, the integral varieties de- 
pend on integration constants which can be defined from certain boundary/ 
asymptotic and symmetry conditions, for instance, from the constraint that 
far away from the horizon the Schwarzschild metric contains corrections from 
the Newton potential. Because the ansatz (|7Up results in a system of nonlin- 
ear partial differential equations (f71Il - (f77|) . the solutions depend not only on 
integration constants, but on very general classes of integration functions. 
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The ansatz of type (f70]) with /ig = but /i| 7^ (or, inversely, /13 7^ 
but /i| = 0) consist more special cases and request a bit different method 
of constructing exact solutions. Nevertheless, such type solutions are also 
generic off-diagonal and they may be of substantial interest (the length of 
paper does not allow to include an analysis of such particular cases). 

A very general class of exact solutions of the Einstein equations with 
nontrivial sources (|73|) . in general relativity, is defined by the ansatz 

+/i3 {x\v) 5v(^6v + hi {x\v) 5y'^ ® 5y'^, 
6v = dv + wi [x^ ,v) dx^ + W2 {x^ dx'^ , 
Sy"^ = dy^ + ni (x*) dx^ + 712 (x*) dx^, 

with the coefficients restricted to satisfy the conditions 

eiij" + e2i^" = T4, 

/l*</>//l3/l4 = T2, (87) 

w[ — W* + W2Wl — W1W2 = 0, 

n[ -n' = 0, 

for Wi = di(t)/4)*, see ([7^ . for given sources T4(x^) and T2(x'^,w). We note 
that the second equation in (I87p relates two functions /i3 and /i4 and the 
third and forth equations satisfy the conditions (|43|) . 

Even the ansatz (fTOl) depends on three coordinates (x'^,w), it allows us 
to construct more general classes of solutions for d-metrics, depending on 
four coordinates: such solutions can be related by chains of nonholonomic 
transforms ([56]). or ([58]) and ([59]) . New classes of generic off-diagonal 
solutions will describe nonhlonomic Einstein spaces related to string gravity, 
if one of the chain metric is of type (j83p . or in Einstein gravity, if one of the 
chain metric is of type (|86|) . The geometries of such spacetimes are modelled 
equivalently by corresponding classes of N-anholonomic algebroids provided 
with metric structures of type ([B^ . 

4 Einstein Gravity and Lagrange— Kahler Spaces 

We show how nonholonomic Riemannian spaces and generalized Lagrange 
algebroids can be transformed into almost Hermitian manifolds enabled with 
nonintegrable almost complex structures. 

4.1 Generalized Lagrange— Hermitian algebroids 

Let Ga = {^iih) (|63]) and e" = (e*, e^) (f6i|) be, respectively, some N- 
adapted frames and co-frames on V""*"". In a particular case, V""*"" = TM. 
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We introduce a linear operator F acting on the vectors on V"^" following 
formulas 

F(ej) = -e-i and F(ej) = e^, 

where the superposition F o F = —I, for I being the unity matrix. On TM, 
for vertically integrable distributions, when CjJ^ = for (j67p . we get an 
almost Hermitian model of generalized Lagrange space pOTl 1108] . The 
operator F reduces to a complex structure if and only if both the h- and 
v-distributions are integrable. 

The metric g (j69p induces a 2-form associated to F following formulas 
^(X, Y) = g (fx, Y) for any d-vectors X and Y. In local form, we have 

e = gij{x,yy Mix^ . (88) 

For v-integrable distributions, we shall write F and 6 in order to emphasize 
that we model generalized Lagrange structures. 
We compute 

S = gis(l%dx" A dx^ A dx'' (89) 

6 ^-^ ■' 

(ijk) 

+^ {dijWk - 9ik\\j) A dx^ A dx^ + ^ {ekgij - eigkj) A A dx^ , 

where 

9ij\\k = ^k9ij ~ ^Ikdsj — Bji^gis, 

for B^, = e^Nl and N\ = e\ N% 

An almost Hermitian model of a generalized N-algebroid structure 
is defined by a triple H^" = (V"+",g,F). A space H^" is almost Kahler if 
and only if dO = 0, i.e. 

^jjfc = 0,%||fc = gik\\ji^kgij = eigkj. 

A generalized Lagrange algebroid is not reducible to a Lagrange one if 
Skdij 7^ eidkj, i-e. the almost sympletic structure 9 (f88]) is not integrable. 
One considers also h- (v-) Hermitian spaces H'^" if the h- (v-) distributions 
are integrable. For instance, the almost Hermitian model of a Finsler (or 
Lagrange) space is an almost Kahler space jl02] (or [126j ). 

An almost Hermitian connection D is of Lagrange type if it preserve 
by parallelism the vertical distribution and is compatible with the almost 
Hermitian structure (g,F), i.e. Dxg = and DxF = for any d-vector 
X. Considering the canonical metrical d-connections for g, we construct a 
canonical almost Hermitian connection D, for H^", with the coefficients 

f = ( C^) , when 

L'jk = ^g'^{ek9jh + ejgkh-ehgjk), (90) 
^ be — e ^e^ e^ Ly e gOce^ , 
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where Cb = e^d^ ([65]) and = ^g—{ebgec + ecQeb - ee9bc) computed as in 
()44|) but with respect to the "underhned" basis, when g— with respect to 
de (8) dc has the same values as g^^ with respect to ej (8> e^. 
The curvature of ([90]) is 

^\jk = L\j 

pi — X 7i 

^ jka ~ ^ jk 

for S-f^ = edC%, - ecC\i + C-f^d-^ - C-^d-ec computed as in (gS]) but 
with respect to the "underhned" base. 

4.2 Almost Hermitian connections and general relativity 

We prove that the Einstein gravity on a (pseudo) Riemannian manifold 
yn+n equivalently redefined as an almost Hermitian model for N- 

anholonomic Lie algebroids if a nonintegrable N-connection splitting is pre- 
scribed. The Einstein theory can be also modified by considering certain 
canonical lifts on tangent bundles. The first class of Finsler-Lagrange like 
models |215j preserves the local Lorentz symmetry and can be applied for 
constructing exact solutions in Einstein gravity or for developing some ap- 
proaches to quantum gravity following methods of geometric/deformation 
quantization. The second class of such models |214j can be considered for 
some extensions to canonical quantum theories of gravity which can be elab- 
orated in a renormalizable form, but, in general, result in violation of local 
Lorentz symmetry by such quantum effects. 

4.2.1 Nonholonomic deformations in Einstein gravity 

Let us consider a metric g^^ (llSp . which for a {n + n)-splitting by a set of 
prescribed coefficients N^{x, y) can be represented as a d-metric g ([TO]) , or g 
()69p , in N-algebroid form. Respectively, we can write the Einstein equations 
in the form ([7]), or, equivalently, in the form (|4U|) with the source ^"^ap 
defined by the off-diagonal metric coefficients of g^^, depending linearly on 
A''", and generating the distorsion tensor iZ'^^^^ ([39]) . 

Computing the Ricci and Einstein d-tensors by contracting the indices in 
()9ip , we conclude that the Einstein equations written in terms of the almost 
Hermitian d-connection can be also parametrized in the form ()40p . Such 
geometric structures are nonholonomic: working respectively with g, g or g, 
we elaborate equivalent geometric and physical models on V"'^", or 

= (V""*"", [•, ■],p) and ff2n^Y"-+"-^ g^ F). Even for vacuum configurations, 
when Taf^ = 0, in the almost Hermitian model of the Einstein gravity, we 
have an effective source ^Tai3 induced by the coefficients of generic off- 
diagonal metric. Nevertheless, there are possible integrable configurations, 
when the conditions (|43p are satisfied. In this case, ^Tap = 0, and we 



~ ^3 hk^ ^ hj ^ ■mk~ ^ hk ^ mj ~ '-^ ha " kj: 

- D, CV, S%,, = e\eX%-S-bcd^ (91) 
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can construct effective Hermitian configurations defining vacuum Einstein 
foliations. 

One sliould be noted tliat the geometry of nonholonomic 2 + 2 split- 
ting in general relativity, with nonholonomic frames and d-connections, or 
almost Hermitian connections, is very different from the geometry of the 
well known 3 + 1 splitting ADM formalism, see [113j . when only the Levi 
Civita connection is used. Following the anholonomic frame method, we 
work with different classes of connections and frames when some new sym- 
metries and invariants are distinguished and the field equations became ex- 
actly integrable for some general metric ansatz. Constraining or redefining 
the integral varieties and geometric objects, we can generate, for instance, 
exact solutions in Einstein gravity and compute quantum corrections to such 
solutions. 



4.2.2 Conformal lifts of Einstein structures to tangent bundles 

Let us consider a pseudo-Riemannian manifold M enabled with a metric 
,gij{x) as a solution of the Einstein equations. We define a procedure lifting 
,gij{x) conformally on TM and inducing a generalized Lagrange structure 
and a corresponding almost Hermitian geometry. Let us introduce 

^C{x,y) = zu^{x,y)gab{x)y''y' 

and use 



'9ab = ^Tr^ (92) 



1 52 

2d]fd]/> 

as a Lagrange Hessian for (ji8]l . A space GL" = (M, ^gij{x,y)) possess a 
weakly regular conformally deformed metric if L" = M, L = ™>C|) is a 
Lagrange space. We can construct a canonical N-connection '^N^ following 
formulas ([52]) . using ™C instead of C and ^gab instead of ^gab (jST]) . and 
define a d-metric on TM, 

= ^gij{x, y) dx' ® dx^ + ^gi,{x, y) ^e' ® ^e^ (93) 

where '^e* = dy^+ '^N^dx^. The canonical d-connection and corresponding 
curvatures are constructed as in generalized Lagrange geometry but using 

It is possible to reformulate the model with d-metric (j93p for almost 
Hermitian spaces as we considered in section 14.11 For the d-metric (I93p . 
the model is elaborated for tangent bundles with holonomic vertical frame 
structure. The linear operator F defining the almost complex structure acts 
on TM following formulas 

F( ^ei) = -a, and F{di) = ^ei, 
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when F o F = —I, for I being the unity matrix. The operator F reduces to 
a complex structure if and only if the h-distribution is integrable. 

The metric ™g ()93p induces a 2-form associated to F following formulas 
'^^(X, Y) = (FX, Y) for any d-vectors X and Y. In local form, we have 

similarly to (j88|) . The canonical d-connection ™D, with N-adapted coeffi- 
cients ™r°^^ = jk^ ^^\cj ' corresponding d-curvature can be 

computed respectively by the formulas (i90]l and (f9T|) where ef = 5f and 
'^Qij are used instead of gij. 

The model of almost Hermitian gravity i7^"(TM, ™g, F) can be applied 
in order to construct different extensions of general relativity to geometric 
quantum models on tangent bundle [214j . Such models will result positively 
in violation of local Lorentz symmetry, because the geometric objects depend 
on fiber variables y". The quasi-classical corrections can be obtained in 
the approximation tZ7 ~ 1. We omit in this work consideration of quantum 
models, but note that Finsler methods and almost Kahler geometry seem to 
be very useful for such generalizations of Einstein gravity. 

5 Finsler— Lagrange Metrics in Einstein &; String 
Gravity 

We consider certain general conditions when Lagrange and Finsler structures 
can be modelled as exact solutions in string and Einstein gravity. Then, we 
analyze two explicit examples of exact solutions of the Einstein equations 
modelling generalized Lagrange-Finsler geometries and nonholonomic defor- 
mations of physically valuable equations in Einstein gravity to such locally 
anisotropic configurations. 

5.1 Einstein spaces modelling generalized Finsler structures 

In this section, we outline the calculation leading from generalized Lagrange 
and Finsler structures to exact solutions in gravity. 

Let us consider a d-metric of type (I69p . which is also nonholonomically 
deformed in the h-part, when 

= 'Oi'j'ix''' ,y^') (e*' (g) e^' + e*' (g) e-'") , (94) 

where ^Qi'j' can be any metric defined by nonholonomic transforms (j53p or 
a v-metric ''gij (fSTI) , ^gij (ji6]) , or ^gij ([l9l) . The co-frame h- and v-bases 
are 

e*' = e*'j(x,y) dx\ 

e«' = e"''^{x,y) by" = e'^^ [dy" + ,N^dx') = e'^' + ,N^,e'\ 
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for e"' = e"''ady'^ and ^N'^, = e""'^ ^N'^,e^\, when there are considered nonholo- 
nomic transforms of type ([58]) . ([59]) and ([57|) . 

"9*Y=ei'V .ffii, ,/iafe= "fia'fe'e'^X, liVf = y) ^A^f , (95) 

where we do not consider summation on indices for "polarization" functions 
Vjf and ^N^ is a canonical connection corresponding to ^Qi'j'. 

The d-metric (|94p is equivalently transformed into the d~metric 

= ,gij{x)dx' dx^ + ,hab{x,y)6y'' (^dy", (96) 
6y'' = dy''+ ,N^{x,y)dx\ 

where the coefficients ^gij{x), ,habix,y) and ,N^{x,y) are constrained to 
be defined by a class of exact solutions (f83]l . in string gravity, or (f86]) . in 
Einstein gravity. If it is possible to get the limit rjf ^ 1, we can say that an 
exact solution ([961) models exactly a respective (generalized) Lagrange, or 
Finsler, configuration. We argue that we define a nonholonomic deformation 
of a Finsler (Lagrange) space given by data ^gi/j' and ^N^ as a class of exact 
solutions of the Einstein equations given by data ,gij, ,hab and lA'^"', for 
any 7]f(x, y) ^ 1. Such constructions are possible, if certain nontrivial values 
of e-/',e"^ and rj^ can be algebraically defined from relations (I95p for any 
defined sets of coefficients of the d-metric ([91]) and (j96]) . 

Expressing a solution in the form ()94|) . we can define the corresponding 
almost Hermitian 1-form 

e = gi>ji{x,y)e^' A e*', 

see (jSSp . and construct an almost Hermitian geometry characterizing this 
solution, like we considered in section WA\ but for 

F(ei/) = -ei> and F(ej') = e,', 

when Cj/ = e-/ - ,Nf-^^ = - ^N";' ea' ■ This is convenient for fur- 
ther applications to certain models of quantum gravity and geometry. For 
explicit constructions of the solutions, it is more convenient to work with 
parametrizations of type (fM|) . 

Finally, in this section, we note that the general properties of integral 
varieties of such classes of solutions are discussed in Refs. |209] 1228] . 

5.2 Deformation of Einstein exact solutions into Lagrange— 
Finsler metrics 

Let us consider a metric ansatz ^g^^p (jl6p with quadratic metric interval 

ds2 ^ ,g^{x^,x'^){dx^f + ,g2{x\x^){dx'^)^ (97) 
-j- ,h^{x^ , x'^ , v) [dv + i'Wi{x^,x'^,v)dx^ + ,W2{x^,x'^,v)dx'^Y 
+ ,h4{x^ , x'^ , v) [dy^ + ,ni{x^ , x'^ ,v)dx^ + ,n2{x^ , x'^ ,v)dx'^~\'^ 
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defining an exact solution of the Einstein equations ([7]), for the Levi-Civita 
connection, when the source T^/s is zero or defined by a cosmological con- 
stant. We parametrize the coordinates in the form n° = (x^,x^,y^ = v,y'^) 
and the N~connection coefficients as ^Nf = ,Wi and lA^^^^ = ,ni. 

We nonholonomically deform the coefficients of the primary d-metric 
()97p . similarly to ()95p . when the target quadratic interval 

ds^ = g,{dx')^ + ha{dy'' + N^dx'f (98) 
= e*'j e^j ^Qi'j'dx^dx^ 

+e'''a e\ ^5a'6' [dy" + 'Kdx^) [dy' + rf^ 'N'^dx^) 

can be equivalently parametrized in the form 

ds^ = Vj i9j(.x') {dx^ f 

+r]i{x\v) ,hi{x\v) 

similarly to ansatz ()70p , and defines a solution of type ()83p (with N-connecti- 
on coefficients (I84p and ()85p ). for the canonical d-connection, or a solution 
of type (fSHj) with the coefficients subjected to solve the conditions (fSTj) . 

The class of target metrics (I98p and (I99p defining the result of a nonholo- 
nomic deformation of the primary data [ ,gi, ,ha, ,N^] to a Finsler-Lagrange 
configuration [^gi'j', ^A^j"] are parametrized by vales 6*^,6'^^ and These 
values can be expressed in terms of some generation and integration func- 
tions and the coefficients of the primary and Finsler like d-metrics and 
N-connections in such a manner when a primary class of exact solutions 
is transformed into a "more general" class of exact solutions. In a partic- 
ular case, we can search for solutions when the target metrics transform 
into primary metrics under certain infinitesimal limits of the nonholonomic 
deforms. 

In general form, the solutions of equations (j4ip transformed into the 
system of partial differential equations (f71I) - (f77|l . for the d-metrics ([981) . 
equivalently (j99p . are given by corresponding sets of frame, N-connections 
and d-metric coefficients which state for the h-part 



(99) 

dy + "'rii(x'',v) ''ni(x'',v)dx' , 
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e 1 



VI X \ \ ^9VV ^92'2' ( ^92'2' + ( ^9l'2') 



\V2\ V\ <9l\ /\ \ ^9l'l' ^52'2' ( ^gi'l'f ^92'2' + ( ^gi'2' 



= -V\V2\ V\ 152I X gi'2'/\ I "^51'!' ( ''52'2' - ( ''5l'2') 



e^2 = V\ <92\ X \/\ ^gvv/ ( "'ffi'i') ^52'2' - ( ^9V2'f 

and for the v-part 



(100) 



o3' 



6 3 



|??3| a/I i^al X 



^9VV ^92'2' 



( ^51'!')^ ^5'2'2' + ( ^9l'2' 



^9VV ^92'2' 



( '^52'2' + ( ^gi'2')^ 



= -a/M a/I i^4| X 5i'2'/\/ 1 ^9i'i' { ^9i'i') ^92'2' - { ^9i'2') 



= a/M VTMI X W I ( ^9i'i') ^92'2' - ( ^9i'2') 



(101) 



where h-polarizations ?7j are defined from gj = rjj ,gjix^) = eje'^^^^\ with 
signatures Cj = ±1, for ^(x*) being a solution of the 2D equation 



ei^" + €2^' = A, 



(102) 



for a given source T4 (x*) = A, and the v-polarizations r]a defined from the 
data ha = r]a ,ha, for 



hs = eshl{x')[r{x\v)Y\\{x\v)l 
hi = e4 [/(x^^;) -/o(x')]^ 



(103) 



where 

A 



, {x\v) = <j[o] - |a/i2(x^) j r {x\v) [f {x\v) - /o(x*)] dv^ 

for T2{x^,v) = A. The polarizations rjf of N-connection coefficients 

Nf = Wi= '"r]i{x^,v)^Wi{x^,v), Nf = ni = "77i(a;^,u) ^ni{x^,v) 
are computed from the respective formulas 

di \ (x^^;) 



(104) 
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and 

"r/fc 'uk = (x') + "^Uk (x') ! '^-'J ^ ix\v) dv. (105) 

We generate a class of exact solutions for Einstein spaces with T2 = 
T4 = A if the integral varieties defined by gj, ha,Wi and are subjected to 
constraints (fSTl) . 



5.3 Solitonic pp— waves and their effective Lagrange spaces 

Let us consider a d-metric of type (f97|) . 



^^fpw] ~ ~dx'^ — dy^ — 2K{x,y,v) dv^ + dp'^ /8K{x,y,v), (106) 

where the local coordinates are x^ = x, x"^ = y, y^ = v, y^ = p, and the 
nontrivial metric coefficients are parametrized 

i5i = -1, ,92 = -I, = -2K{x,y,v), ,/i4 = 1/ 8 k(x, y, u). 

This is vacuum solution of the Einstein equation defining pp-waves |135j : 
for any k{x, y, v) solving 

with V = z + t and p = z — t, where (x, y, z) are usual Cartesian coordinates 
and t is the time like coordinate. Two explicit examples of such solutions 
are given by 

K = (x^ — y"^) sinv, 
defining a plane monochromatic wave, or by 

, for \v\ < vq; 



(x^ + y2) exp [ 
= 0, for > Vq, 

defining a wave packet travelling with unit velocity in the negative z direc- 
tion. 

We nonholonomically deform the vacuum solution (11060 to a d-metric 
of type dMI) 

\dxf + idyf] (107) 



dsl = -e'^^^'^) 



2 



-r]3{x,y,v) ■2K{x,y,v)[dv+ '^r]i{x,y,v,p) '''Wi{x,y,v,p)dx'] 

1 ■ 2 

+V4:{x,y,v) ■— [dy'^ + ''r]i{x,y,v,p) ''ni{x,y,v,p)dx'] , 

8K{x,y,v) 

where the polarization functions rji = r]2 = e^^^'^-*, r/3^4(x, y, w), ^rji{x,y,v) 
and ^r]i{x,y,v) have to be defined as solutions in the form ()102p . (jl03p . 
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(|104p and (I105p for a string gravity ansatz ([82]) . A = A|^/2, and a prescribed 
(in this section) analogous mechanical system with 



Ni = {wi{x,y,v) = "'r/i ^Wi,ni{x,y,v) = "^iji "rii} 



(108) 



for e = L{x,y,v,p) considered as regular Lagrangian modelled on a N- 
anholonomic manifold with holonomic coordinates {x, y) and nonholonomic 
coordinates {v,p). 

A class of 3D solitonic configurations can defined by taking a polarization 
function r]4{x,y,v) = 'q{x,y,v) as a solution of solitonic equatiorP^ 



V" + eiv' + 6vV* + V***y = 0, e = ±1, 
and rji = rj2 = e'^^^'^-' as a solution of pU2|) written as 



(109) 



(110) 



Introducing the above stated data for the ansatz ()107p into the equation 
f5\\ , we get two equations relating = r/3 1/13 and = r]^ ,h4, 



?74 = 8 Hi{x,y,v) 



1 



2X1 



and 



l??3(a:,y,^^)l 



g-2j?(x,y,i;) 

2K?{x,y,v) L 



V|?74(x,y,?;)| 



(111) 



(112) 



where {x,y) is an integration function. 

Having defined the coefficients ha, we can solve the equations (I76p and 
([77|) expressing the coefficients (j78|) and ([79]) through r/3 and 1^4 defined by 
pp- and solitonic waves as in ()112p and (lllip . The corresponding solutions 
are 



Wl = -"ill ^Wi = {(j)*) ' d^(f,, W2 

for (p* = d(p/dv, see formulas ([7^ and 



(113) 



ni{x,y,v) = nf\x,y) + nf\x,y) J r]3{x,y,v)r]^^^'^{x,y,v) dv, (114) 

where n|'''(x,?/) and n|^^(a;,y) are integration functions. 

The values e^(^'2^\ m (fTT2l) . 774 (fTTTl) . (fTT3l) and (fTTi]l for the 
ansatz (|107p completely define a nonlinear superpositions of solitonic and 
pp-waves as an exact solution of the Einstein equations in string gravity if 



^^as a matter of principle we can consider that is a solution of any 3D solitonic, or 
other, nonlinear wave equation. 
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there are prescribed some initial values for the nonlinear waves under con- 
sideration. In general, such solutions depend on some classes of generation 
and integration functions. 

It is possible to give a regular Lagrange analogous interpretation of 
an explicit exact solution ()107p if we prescribe a regular Lagrangian e = 
L{x,y,v,p), with Hessian ^gi'j' = \ Qyi'Qyj' > fo'^ = {^iV) ^'^'^ u"'' = {v,p)- 
Introducing the values ^gi/j', rji = r]2 = e'^,??3,'?/4 and 1/13, 1/14, all defined 
above, into (jlOOp and (jlOip . we compute the vierbein coefficients e*j and 
which allows us to redefine equivalently the quadratic element in the form 
(|98p as for a Lagrange N-algebroid for which the N-connection coefficients 
^N^ ()47p are nonholonomically deformed to (llOSp . With respect to such 
nonholonomic frames of references, an observer "swimming in a string grav- 
itational ocean of interacting solitonic and pp-waves" will see his world as 
an analogous mechanical model defined by a regular Lagrangian L. 

5.4 Finsler— solitonic pp— waves in Schwarzschild spaces 

We consider a primary quadratic element 

Ssl = -df - r^iO d^^ - r^iO sin^ ^ d<f^ + vu^{0 dt^ , (115) 

where the local coordinates and nontrivial metric coefficients are parametriz- 
ed in the form 

= ^^x^=^^y3=^^y^=t, (116) 

i5i = - 



for 







m = 




jdr 






r 



1/2 2^ 
and nj'^(r) = 1 . 



r 



For /i being a point mass, the element (|115p defines the Schwarzschild solu- 
tion written in spacetime spherical coordinates (r, y?, t). 

Our aim, is to find a nonholonomic deformation of metric (|115p to a class 
of new vacuum solutions modelled by certain types of Finsler geometries. 

The target stationary metrics are parametrized in the form similar to 
(pll . see also ([86]), 



ds^ = -e^(«''') [(dO' + r2(e)(di?)2] (117) 

-V3{^,^,^) •r2(Osin2^? [dip+ ^rji{^,^,ip,t)^Wi{^,^,ip,t)dx'Y 
■w\i) [dt+ ^r^i{i,^,^,t)^ni{i,^,^,t)dx']\ 

The polarization functions rji = r]2 = e'^^^''^\r]a{^,'&,(p), ^r]i{^,-d,if) and 
'^r]i{^,'&,ip) have to be defined as solutions of (f87|l for T2 = T4 = and a 
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prescribed (in this section) locally anisotropic, on geometry with 

for £ = F'^{^,'d,ip,t) considered as a fundamental Finsler function for a 
Finsler geometry modelled on a N-anholonomic manifold with holonomic 
coordinates (r, -i?) and nonholonomic coordinates (v?, t). We note that even 
the values ^rn, ^Wi, ""qi, and ^rii can depend on time like variable t, such 
dependencies must result in N-connection coefficients of type N^{£_^-d,ip). 

Putting together the coefficients solving the Einstein equations ([75|) ~ ([77|) 
and (f57|) , the class of vacuum solutions in general relativity related to pi7p 
can be parametrized in the form 



{dif + T\i){Mf (118) 



-hi r(e,^,¥^)]' W + wi{i,'(})di + W2{i,'d)M]' 

+ [6(C, T?, ^) - 6o(^, ??)]' [dt + ni(e, d)di + n2(e, ^)ddf , 

where /iq = const and the coefficients are constrained to solve the equations 

^••+/ = 0, (119) 

w'l — + 'W2WI — W1W2 = 0, 

n[ -n' = 0, 

for instance, for wi = {b*)^^{b + bo)' , W2 = {b*y^ {b + bo)' , n' = dn2/d^ and 
= dni/dd. 

The polarization functions relating (jllSp to (jll7p . are computed in the 
form 

= r?2 = e^^-''), r/3 = [h^b* /r{i)sindf ,1^^ = [{b - bo)/vj]' ,(120) 
= Wi{^,^)/ ^Wi{^,^,^,t), >, = n,(e,T?)/%(e,^,(^,t). 

The next step is to chose a Finsler geometry which will model (jll8p . 
equivalently (I117p . as a Finsler like d-metric ()98p . For a fundamental 
Finsler function F = F(^, 93, t), where = are h-coordinates and 

= {ip,t) are v-coordinates, we compute ^ga'b' = (l/2)9^F/9y" 9?/^ fol- 
lowing formulas (j49p and parametrize the Cartan N-connection as '~"N?' = 
{ ^Wi, ^Ui}. Introducing the values (I116|) . ^gi'j' and polarization functions 
(|120p into (jlOOp and (jlOip . we compute the vierbein coefficients e\ and e\ 
which allows us to redefine equivalently the quadratic element in the form 
(j98p . in this case, for a Finsler N-algebroid for which the N-connection co- 
efficients '-"N?' (|47p are nonholonomically deformed to N?^ satisfying the 
last two conditions in (I119p . With respect to such nonholonomic frames 
of references, an observer "swimming in a locally anisotropic gravitational 
ocean" will see the nonholonomically deformed Schwarzschild geometry as 
an analogous Finsler model defined by a fundamental Finser function F. 
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6 Outlook and Conclusions 



In this review article, we gave a self-contained account of the core develop- 
ments on generalized Finsler-Lagrange geometries and their modelling on 
(pseudo) Riemannian and Riemann-Cartan manifolds provided with pre- 
ferred nonholonomic frame structure. We have shown how the Einstein 
gravity and certain string models of gravity with torsion can be equivalently 
reformulated in the language of generalized Finsler and almost Hermitian/ 
Kahler geometries. It was also argued that former criticism and conclusions 
on experimental constraints and theoretical difficulties of Finsler like grav- 
ity theories were grounded only for certain classes of theories with metric 
noncompatible connections on tangent bundles and/or resulting in violation 
of local Lorentz symmetry. We emphasized that there were omitted the 
results when for some well defined classes of nonholonomic transforms of ge- 
ometric structures we can model geometric structures with local anisotropy, 
of Finsler-Lagrange type, and generalizations, on (pseudo) Riemann spaces 
and Einstein manifolds. 

Our idea was to consider not only some convenient coordinate and frame 
transforms, which simplify the procedure of constructing exact solutions, but 
also to define alternatively new classes of connections which can be employed 
to generate new solutions in gravity. We proved that the solutions for the 
so-called canonical distinguished connections can be equivalently re-defined 
for the Levi Civita connection and / or constrained to define integral varieties 
of solutions in general relativity. 

The main conclusion of this work is that we can avoid all existing ex- 
perimental restrictions and theoretical difficulties of Finsler physical models 
if we work with metric compatible Finsler like structures on nonholonomic 
(Riemann, or Riemann-Cartan) manifolds but not on tangent bundles. In 
such cases, all nonholonomic constructions modelled as exact solutions of the 
Einstein and matter field equations (with various string, quantum field ... 
corrections) are compatible with the standard paradigm in modern physics. 

In other turn, we emphasize that in quantum gravity, statistical and 
thermodynamical models with local anisotropy, gauge theories with con- 
straints and broken symmetry and in geometric mechanics, nonholonomic 
configurations on (co) tangent bundles, of Finsler type and generalizations, 
metric compatible or with nonmetricity, seem to be also very important. 

Various directions in generalized Finsler geometry and applications has 
matured enough so that some tenths of monographs have been written, in- 
cluding some recent and updated: we cite here [TM [Wl [TM [TMl fTM [TT2l 
[1061 m EMI [Ml llSa [13 [Ml [1 [g [13 [la [m [29]. These monographs 
approach and present the subjects from different perspectives depending, 
of course, on the authors own taste, historical period and interests both 
in geometry and physics. The monograph [228] summarizes and develops 
the results oriented to application of Finsler methods to standard theories 
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of gravity (on nonholonomic manifolds, not only on tangent bundles) and 
their noncommutative generalizations; it was also provided a critical anal- 
ysis of the constructions with nonmetricity and violations of local Lorentz 
symmetry. 

Finally, we suggest the reader to see a brief outline and comments on 
main directions related to nonstandard applications in physics of Finsler 
geometries and generalizations in Appendix. 

Acknowledgement: The work is performed during a visit at the Fields 
Institute. The author thanks M. Anastasiei, A. Bejancu, V. Obadeanu and 
V. Oproiu for discussions and providing very important references on the 
geometry of Finsler-Lagrange spaces, nonholonomic manifolds and related 
almost Kahler geometry. 

A Historical and Bibliographical Comments 

One can be found by 3500 titles on key word "Finsler" in MathSciNet and 
almost 150 titles in arxiv.org. It is not possible to review in an article all 
known mathematical constructions and applications in various directions in 
science related to Finsler geometry and generalizations. We shall sketch only 
some very important lines of developments of such researches and comment 
only a small part of results on nonstandard theories which, in our subjective 
opinion, seem to have importance and certain perspectives to be redefined 
for standard theories of gravity, mechanics and field interactions. 

A.l Moving frames, N— connections and nonholonomic (su- 
per) manifolds 

There are well known textbooks and monographs [Ml 11131 12441 \158\ I151j 
where (pseudo-) Riemann geometry and general relativity are formulated in 
arbitrary frame bases. The approach originates from the E. Cartan moving 
frame method |4HI43j being developed both in abstract and coordinate forms 
in modern gravity, see also supersymmetric generalizations related to string 
gravity [HSllSHl [T39] . 

The global definition of nonlinear connection (N-connection) is due to 
W. Barthel (1963) [19]. In coefficient form, the N-connections can be found 
in the E. Cartan's book on Finsler geometry [32] (1935) and in A. Kawaguchi 
(1937,1952) works 185\ I86j . The concept of N-connection is also known as 
the Ehresmann connection [55] (1955), see also Grifone's works [66j- The 
N-connection geometry was developed in a series of works of the Romanian 
school of Finsler, Lagrange and Hamilton geometries and higher order gen- 
erahzations [Ml (Ml (Ml [TOll ESI (Ml El] (beginning the end of 50th of 
previous century). 
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Then, the constructions with N-connections were generahzed for super- 
symmetric fiber variables [21] (1989,1990) following the DeWitt approach to 
super manifolds [5l]. A definition of nonholonomic super manifolds was not 
possible in those works because it was not not yet elaborated the concept of 
spinors for generalized Finsler spaces, see details in section IA.6.21 Having 
accepted any global or local constructions for supermanifolds and super- 
bundles, for a well defined nonholonomic spinor structure, it was possible 
to introduce N-connections by a corresponding class of super-distributions 
and/or preferred systems of superfields (i.e. super-vielbeinds). That allowed 
us to consider nonholonomic generalizations of the geometry of supermani- 
folds, superstrings and supergravity |180i 1183] I216j . Recently, the geometry 
of semi-spray and N-connection structures on supermanifolds was devel- 
oped in Refs. [56\ I143| . The geometry of nonholonomic supermanifolds has 
a number of perspectives in such supergravity and superstring models when 
non-compactified configurations and constraints on the superfield dynamics 
are introduced into consideration. 

The geometry on N-connections was extended and applied in gauge and 
Einstein gravity with anholonomic / noncommutative variables [218[ 12171 E21 
I201j . for Clifford/ spinor bundles and algebroids provided with N-connection 
structure [HSl [HHl ttSD [Ml 1223 12n2j and on Fedosov-Lagrange manifolds 
[57j . Here, we emphasize that the concept of N-connection has to be not 
confused with the linear connections in gauge models with nonlinear realiza- 
tions of some gauge groups related to non-Abelian gauge potentials. Such 
constructions are completely different. 

One should be noted that the idea of nonholonomic manifolds (as a ge- 
ometric background for geometric mechanics and generalized geometries) 
exists in rigorous mathematical form due to the works of G. Vranceanu and 
Z. Horak [2111 [2121 12131 US] (1926, 1931,1957,1927), see further develop- 
ments in \1W\ I1U5] and a modern approach and references in [2S] (2006). 
For different classes of connections on nonholonomic manifolds, there were 
computed the torsion and Riemannian tensors and investigated the geomet- 
ric properties of such spaces and considered certain applications in geometric 
mechanics. 

In Ref. ^5], see also references therein, the author argues that he was 
able to define the Riemann tensor for a general nonholonomic manifold. His 
homological considerations and analysis of former works on nonolonomic 
(super) spaces was based on reviews ^961 12381 1239] on supermanifolds, non- 
holonomic manifolds and mechanics. We note here that the Riemannian 
tensors and Einstein equations were defined and computed rigorously in vari- 
ous approaches to nonholonomic manifolds, Finsler and Lagrange spaces and 
superbundles provided with nonlinear connections much before mentioned 
publications and reviews by former Soviet mathematicians (see, for instance, 
[?ni^fTi5 l fT07 1 [108 1 [Ml ITM l 1180]). 

The approaches developed by the Romanian school on Finsler geome- 
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try and generalizations have a number of connections to G. Vranceanu's 
results (he published a four volume Course on Differential Geometry, in 
Romanian, and some of them were translated in French, by 1957). In the 
G. Vranceanu, R. Miron, M. Anastasiei, A. Bejancu and other authors on 
the geometry of nonholonomic manifolds and generalized Finsler-Lagrange 
spaces there are not considered any methods of constructing exact solutions 
in gravity theories (they were elaborated during the last decade, see below 
section [A.sp . Nevertheless, the mentioned authors (and a number of their 
co-authors) elaborated various applications in geometric mechanics, Finsler 
generalizations of gravity, electro-gravitational fields, gauge models and lo- 
cally anisotropic super symmetric variables. A brief summary of R. Miron 
school's results on Finsler, Lagrange, Hamilton and higher order generaliza- 
tions and further perspectives in gravity and field theories is given in Ref. 

pno]. 

A. 2 Finsler and Lagrange algebroid structures 

Lie algebroids were introduced as a generalization of the concepts of Lie 
algebra and integrable distribution, see details in Ref. [1QD\ . An extension 
of the theory of Lagrangians and Euler-Lagrange equations on Lie algebroids 
was considered by A. Weinstein [246j . see also Refs. [98l 119]. 

In our approach, we tried to model Lie algebroid structures as exact 
solutions in gravity |193l I194[ [195] . Such solutions were defined by generic 
off-diagonal metrics and nonholonomic frames of references. They were 
constructed following the anholonomic frame method, outlined in Ref. |228j 
(see also the references from section lA.Sp when nonlinear connections are 
defined by splitting the gravitational degrees of freedom into holonomic and 
anholonomic ones. 

If in the usual approaches to Lie algebroids the geometric constructions 
are related to Lie algebra generalizations and sections of vector bundles, in 
order to define algebroid structures as solutions of the Einstein equations, 
in general, it is necessary to work on nonholonomic manifolds modelling 
certain types of Lie algebroid or Clifford-Lie algebroid structures. Some 
explicit examples of such solutions were considered in Ref. |194j and the 
geometry of Clifford-Finsler algebroids and nonholonomic Einstein-Dirac 
structures was elaborated in Ref. [202| . In a general context, the theory 
of nonholonomic algebroids in relation to nonholonomic manifolds, Finsler 
geometry and Lagrange-Hamilton spaces was elaborated in Ref. |210j . Here 
we note that some topics on Lie algebroids and Finsler and Lagrange geom- 
etry, without connections to modern gravity but with certain orientation to 
application in mechanics, are considered alternatively in Refs. [76 | \77 \ [2], 
see also references therein. 
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A. 3 Higher order extensions of Lagrange and Hamilton spa- 
ces 

The geometric approach to Lagrange and Hamilton mechanics elaborated as 
a generalization of Finsler geometry was developed in a direction to include 
higher order mechanics [109', '110] , see Ref . [9T] as a summary of alternative 
directions. The nonlinear connection formalism was developed for higher or- 
der (co) tangent bundles which resulted in a series of monographs on higher 
order Lagrange-Finsler and Hamilton-Cartan spaces |103t 11041 lll2t[T06] . see 
also a recent work [38] and a brief review [200]. Such higher order geomet- 
ric mechanical constructions are naturally adapted to corresponding (semi) 
spray configurations, from which canonical nonlinear and distinguished con- 
nections can be derived. Sure, this geometric formalism would be very 
important for developing analogous models of gravity. 

In parallel to the mentioned works on geometric mechanics, there were 
elaborated certain new directions related to "higher order anisotropic" con- 
figurations in high energy physics, gravity and string theory. The idea was to 
consider higher order "shells" of extra dimensions which are not completely 
compactified like in the Kaluza Klein theory and to take into account certain 
possible correlations between spacetime dimensions and extra dimensions 
(the higher dimension interactions being modelled by effective higher order 
nonlinear connections). Such configurations can be derived as exact solu- 
tions of the Einstein equations in extra dimension gravity, or in certain low 
energy limits, but locally anisotropic, in string theory. It was necessary to 
elaborate a corresponding (super) geometric formalism for the higher order 
gauge theories, including gauge and Einstein gravity, see |182j . higher order 
super spaces |180] and Clifford bundles and spinor theory |18H I230j . the 
bulk of results being summarized in monographs [1831 1225j . 

A. 4 Almost Kahler and nonholonomic structures 

The constructions transforming nonholonomic Riemannian spaces and gen- 
eralized Lagrange algebroids into almost sympletic structures, presented in 
sectional originate from a series of works on almost Kahler models for Finsler 
[TU2 J and Lagrange spaces and generalizations [TM [T^ [T^ [TTTl [T^ [T^ . 
We note that V. Oproiu and co-authors performed the bulk of their lifts 
on (co) tangent bundles working with linearized N-connections N^(u) = 
^'bj(-^)y'' pop but a number of formulas hold true for more general nonholo- 
nomic structures with arbitrary N^{u). 

In order to model gravitational interactions by analogous Finlser-La- 
grange algebroid structures, we have to consider arbitrary nonholonomic 
h- and v-frames and N-connections. In such cases, the effective geometric 
models are almost Hermitian ones with nonzero 2-form dO ()89p . This is not 
a problem for the anholonomic frame method of constructing exact solutions 
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but result in more sophisticate nonholonomic relations if we try to develop 
the approach, for instance, for geometric quantization of Lagrange-Fedosov 
spaces, see [57] and references therein. 

Finally, we note that from physical point of view there are two different 
directions of elaborating analogous almost Hermitian / Kahler models of 
gravitational interactions. If we we work with nonholonomic deformations 
of geometric objects on the same class of manifolds, for instance, on a semi- 
Riemannian one, we can preserve, in general, the local Lorentz symmetry. 
Any lifts on tangent bundles and additional nonholonomic transforms, pos- 
itively result in violation of the local Lorentz symmetry and modification 
of various types of possible gauge symmetries and conservation laws. Both 
classes of such models present a substantial interest in modern physics but 
only the first one can be related to the so-called standard theories. 

A. 5 Finsler methods and exact solutions 

We applied the methods of Finsler-Lagrange geometry in order to elaborate 
the so-called anholonomic frame method of constructing exact solutions in 
Einstein, gauge, string and brane gravity and various locally anisotropic/ 
noncommutative generalizations [Ml ISSg [2201 MM IHSl [2231 IHZl Mi [Ml 
I228j . The idea was to define such N-connection structures associated to 
nonholonomic frame transforms, when the gravitational field equations are 
transformed into general systems of partial differential equations which can 
be integrated in general form. It was possible to construct, following geo- 
metric methods, new classes of generic off-diagonal metrics, nonholonomic 
frames and linear connections depending on 2-4 variables in 3-5 dimensional 
gravity. It became obvious that the N-connection formalism can be applied 
also on Riemann, Riemann-Cartan and metric-affine spaces and that an 
unified geometric approach, with nonholonomic distributions, can be elab- 
orated in order to model generalized Finsler-Lagrange spaces both on non- 
holonomic manifolds or on any (super, noncommutative, spinor...) bundle 
provided with N-connection splitting. The main results are summarized in 
monograph |228j (2005) and the basic constructions and some ansatz and 
examples are considered in section [S] 

Here, we briefiy outline some additional results giving a number of ex- 
amples of exact solutions with local anisotropy in standard and nonstandard 
models of gravity: 

The paper [184j was the first one containing the idea how the N-connecti- 
on formalism can be applied for generating generic off-diagonal solutions in 
gravity. The work [188] presented a number of examples with anholonomic 
soliton-dilaton and black hole solutions in general relativity and extensions 
to string or Finsler generalized theories. Two papers [2291 1220] contain a 
research on nonholonomic deformations of Taub NUT spinning metrics and 
locally anisotropic solitons and Dirac spinor waves in such spaces. 
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A series of works |221t 12221 1223j is based on a collaboration of authors 
on constructing exact solutions defining locally anisotropic defining various 
types of locally anisotropic (ellipsoidal, toroidal, warped ...) wormhole / flux 
tubes and black holes moving in nontrivial solitonic backgrounds in four and 
five dimensional gravity. The anholonomic frame method was shown to be 
the most general one allowing to generate exact solutions following geometric 
methods. There were elaborated a number of examples which together with 
the the details on analytic computations were summarized in Parts I and II 
of monograph |228j . see also review [192j . 

There were constructed solutions defining static black ellipsoids [190^ 
I191j which seem to be stable in Einstein gravity, with mater fields and/ or 
geometric distorsions, and various noncommutative and metric-affine gener- 
alizations of gravity, see |201j and Parts I and III in monograph [228J. Solu- 
tions with generic local anisotropy, of Finsler type and generalied ones, were 
constructed in gauge gravity [2171 [52] , for various black hole and cosmologi- 
cal configurations, see Part II in |228j . and by modelling explicit examplas of 
(disk, black hole, solitonic and spinor waves ....) of solitonic spacetimes with 
Lie algebroid symmetry |193[ I194[ I195| . The bulk of recent results on para- 
metric solutions and solitonic hierarchies are summarized in [2091 12041 [3]. 
The anholonomic frame method provides also a unique general geometric 
scheme for constructing exact solutions of Ricci fiow equations, see section 
1X631 

A. 6 On standard and nonstandard models of Finsler geom- 
etry and physics 

It is worth mentioned certain important directions additionally to those men- 
tioned in the points 1-5 from Introduction section and the previous sections 
of the Attachment. Due to limits of space we have to leave out a number of 
interesting developments: we discuss here briefiy the contributions of some 
authors and outline a few open issues, see also Introduction to [228]. 

A. 6.1 Finsler structures in gauge gravity and noncommutative 
gravity 

The first original ideas to consider gauge group transforms and additional 
gauge fields on Finsler spaces and generalizations belong to Y. Takano 
[1591 deOj, S. Ikeda [80] and G. Asanov and co-authors [HI dSl (H [E]. 
Here one should be noted that the monograph [107] was the first one on 
Finsler and Lagrange spaces written rigorously in the language of the geom- 
etry of vector and tangent bundles and related geometric structures (fiber 
bundles and linear connections provide the standard geometric formalism 
for the theory of gauge fields). Various types of nonlinear connections (N- 
connections) on nonholonomic spaces (considered to define a special class 
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of nonlinear gauge fields) can be found in a number of constructions in 
Finsler geometry, see [421 1851 186]. The monograph [24J contains a study of 
Yang-Mills theories in Finsler spaces. In the same line of research, elabo- 
rating gauge and field theories on bundle spaces, can be considered papers 
[1491 1156j . Such models can not be related to standard approaches in mod- 
ern physics. Nevertheless, they provide a number of geometric ideas which 
can be applied for noncompactified higher dimension gravity models. 

A series of works [1751 11771 11821 1218j is devoted to gauge models of mat- 
ter and gravity fields on generalized Lagrange and Finsler spaces in relation 
to the Poincare, affine and de Sitter structure groups with actions distin- 
guished by the N-connection structure. The idea was to elaborate gauge 
models which would embed Finsler like gravities into the class of former 
theories on gauge gravity [16511140} I141[ [T6T] . Such constructions, with non- 
holonomic frames and spinor-gauge transforms, were related to the results 
on twistor-gauge gravity [1661 11671 11681 11691 11701 1171| , and further super- 
symmetric generalizations were summarized in the monograph [183j . This 
class of locally anisotropic gauge models was elaborated following the frame 
bundle and generalized connection formalism. They have strong connec- 
tions to standard gauge and gravity models in physics: for instance the non- 
holonomic structures, metrics and connections can be defined for (pseudo) 
Riemannian spaces and fiber bundles on sauch spaces. 

Gauge models of higher order anisotropic gravity and nearly autoparallel 
maps and their connections to Einstein and gauge models were analyzed in 
Refs. [2171 152j. The approach was developed for noncommutative versions 
of the Einstein and gauge gravity [Ml EMI [Ml [EHl [l99] and provided 
with explicit examples of exact solutions for nonholonomic noncommutative 
structures in gravity. 

A. 6. 2 Clifford structures, gerbes, and Lagrange Finsler spinors 

The first who considered spinor variables in Finsler geometry was Y. Takano 
[160j . Perhaps, we can cite here the work pj on modelling spinors on Hilbert 
manifolds, even explicit constructions related to Finsler spaces are not given 
there (the author latter had fundamental contributions in Finsler-Lagrange 
geometry and modelling such geometries on Hilbert spaces). There were 
published a series of papers on geometries and physical models with metrics 
depending on spinor variables, see [HOl [Ml [Ull [ml [Ml [EH [ISH [T56] . 
It should be emphasized here that all mentioned works do not contain a 
definition of spinor for Finsler like spaces and generalizations. In the bulk, 
they provide certain constructions when the existence of the bundle of two- 
spinors (i.e. two dimensional spinor spaces) is supposed to exist on a Finsler 
like manifold for which the metric and connections are considered to depend 
on two spinor variables. Such models belong to "nonstandard" approaches 
to Finsler geometry and generalizations. 
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A rigorous definition of spinors for Finsler spaces should contain a fun- 
damental relation between the Clifford structure and the metric structure 
(like in Einstein gravity, one has to consider an anticommutator of " gamma" 
matrices, generating the corresponding Clifford algebra, and the metric 
quadratic form, all defined with respect to a local orthonormalized frame ba- 
sis). Such constructions for Finsler-Lagrange spaces were elaborated in Refs. 
[n'6\ I178j in the language of Clifford bundles provided with N-connection 
structure. We note that the condition of metric compatibility of Finsler- 
Lagrange connection plays a fundamental role in definition of spinors on 
spaces provided with N-connection structure. For instance, it is not possi- 
ble to define directly the consept spinors in Finsler geometries with metric 
noncompatible connections like [271 [TTjQ Without fermions / spinors, it 
is not possible to elaborate viable physical models. It was necessary to 
construct the spinor geometry for Finsler spaces and generalizations. The 
direction was analyzed in details, with a number of examples and exact 
solutions in gravity models and generalizations to higher order Finsler, La- 
grange and Hamilton spaces, in Refs. |181[ 1183] 1230] . Such constructions 
belong to the class of standard Clifford-Finsler structures. Both standard 
and nonstandard approaches are analyzed in details in monograph [225j . 

The standard constructions with Finsler-Lagrange spinors have further 
developments for noncommutative Finsler geometry, see [I99] and the Part 
III in |228j . for explicit solutions see }201j and for Clifford-Lagrange al- 
gebroid structures see |202^ I194j . One could be topological restrictions in 
definition of spinor structures on general Finsler or Lagrange spaces: certain 
generalized constructions for such cases were performed following the gerbe 
formalism [T961I2T9] . 

A. 6. 3 Stochastic processes and locally anisotropic kinetics and 
thermodynamics 

The famous P. Finsler's thesis [58J (1918) was written under supervision of 
Prof. Caratheodory who had classical contributions in thermodynamics. A 
theory of kinetics and thermodynamics based on distribution functions on 
Finsler spaces was elaborated in monograph [240j . 

Both the Riemann and Finsler geometry were applied to various prob- 
lems in information thermodynamics [8T| [82l [83] and geometric thermody- 
namics [1151 [8^ 11161 1142j . The approaches were summarized in review |146j . 
There were proposed certain applications of geometric thermodynamics with 

^^As a matter of principle, we can define Finsler-spinors using the metric compatible 
Cartan connections and then to deform the geometric constructions to those for the Chern 
connection, by using corresponding deformations tensors for connections. So, foUowing 
certain more sophisticate geometric constructions, we can define nonholonomic CUfford 
bundles provided with metric noncompatible linear connection structure. But there are 
not physical arguments for such nonmetric structures. 
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generalized Riemann-Finsler structures in black hole physics |185t 12261 1227j . 

A number of works were published on locally anisotropic diffusion in two 
series of works elaborated in parallel by two collaborations of authors. The 
first one is related to publications [9l [101 El El El O [H Hj and the second 
one to [nil [nSl [THS] and Chapter 10 in monograph [183]. The sec- 
ond approach was developed in relation to the theory of kinetic processes 
and locally anisotropic thermodynamics [1S7\ I186j (the works propose cer- 
tain applications in modern astrophysics and cosmological models, see also 
such locally anisotropic cosmological solutions in Refs. |217t 1154] ). Chap- 
ter 5 in |183j contains the results on diffusion theory on locally anisotropic 
superspaces. 

Generalized Riemann-Finsler structures in thermodynamics and kinetic 
and stochastic processes can be described in terms of both metric compati- 
ble and noncompatible connections. For such constructions, there were not 
yet elaborated criteria on standard and nonstandard models. The results 
cited in this section can be elaborated following covariant calculus with dif- 
ferent generalized Finsler connections. Priorities should be given to certain 
more "simple" of theoretical models with possible experimental verification 
and applications, for instance, in modern thermodynamics, astrophysics and 
cosmology. 

A. 6. 4 Nonholonomic curve flows and bi Hamitonian structures 

A new direction of applications of the nonlinear connection formalism was 
elaborated in Refs. |204l [3]. It was proposed to consider such nonholo- 
nomic distributions and related frames on (semi) Riemannian and general- 
ized Finsler-Lagrange spaces when the curvature (I3ip of the canonical d- 
connection ([36]) . with respect to certain N-adapted bases, is parametrized 
by constant matrix coefficients. The geometric information for such spaces 
can be encoded into bi-Hamilton structures and solitonic hierarchies char- 
acterized by corresponding invariants and conservation laws. The approach 
was generalized for nonholonomic Ricci flows |208j . 

A. 6. 5 Nonholonomic Ricci flows and Lagrange Finsler spaces 

Recently, it was elaborated a new direction in Riemann-Finsler geometry, 
gravity with nonholonomic distributions and geometric mechanics, the the- 
ory of nonholonomic Ricci flows and generalizations which is positively re- 
lated to standard theories of physics and can be generalized similarly for 
evolution models on tangent and vector bundles, i.e. for nonstandard theo- 
ries. The idea was not just to extend the R. Hamilton [671 ISH] and Grisha 
Perelman [132^ \1'6'6\ I134j results, on Ricci flows of Riemannian metrics (see 
comprehensive reviews of results in Refs. [30 l \39 \ \88 \ I114j ). to more sophis- 
ticated classes of geometries, like Finsler and Lagrange geometry. A series 
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of works p05| [207l [208l \2TT\ \212\ was written as a research of the Ricci 
flows when (semi) Riemannian metrics are subjected to certain classes of 
nonholonomic constraints. We proved that under well defined conditions, 
for instance, a Finsler like metric can evolve into a Riemannian one, and in- 
versely. In general, the Ricci flows of such nonholonomic manifolds contain 
nontrivial torsion structures but such flows can be alternatively, and equiv- 
alently, described by flows of metrics and Levi Civita connections. Non- 
holonomic distributions on Riemannian manifolds result in some geometric 
multi-connection structures with, in general, nonzero torsion coefficients 
induced by some off-diagonal metric coefficients transformed into the N- 
connection coefficients. This is typical for metric compatible Finsler like 
connections; as a matter of principle, the constructions can be generalized 
for nonsymmetric metrics or Finsler connections with nonmetricity. 

The theory of nonholonomic Ricci flows and Perelman's functionals adap- 
ted to the N-connection structure allowed to formulate a new statistical 
interpretation of Finsler-Lagrange spaces and related nonholonomic and / or 
mechanical systems, see Ref. |206j . 

It should be noted that the anholonomic frame method works effectively 
not only for generating new classes of exact solutions in gravity, as we dis- 
cussed in section [A. 51 but also for constructing exact solutions for Ricci flow 
evolution of valuable physical metrics in gravity (like solitonic and pp- waves, 
Taub NUT spaces, nonholonomically deformed Schwarzschild metrics...), see 
Refs. |203t \23l\ I232j . Perhaps, this is still the unique method which allows 
us to construct exact solutions of Ricci flow equations in general form, by 
using geometric methods and ideas from Finsler geometry. 

A. 6. 6 Quantum gravity and Finsler methods 

There are a few "standard" works related to nonholonomic Lagrange-Fedos- 
ov spaces |57j and geometric quantization of the Einstein gravity trans- 
formed equivalently as an almost Hermitian / Kahler model |213[ 12141 1215| . 
see discussion in section rA.41 This direction is under elaboration for gravi- 
tational gauge models and certain nonholonomic generalizations of gravity 
on manifolds and tangent bundles. Some results on quantum models con- 
nected to Finsler geometry and gravity belonging to the class of nonstandard 
theories will be analyzed in the next section. 

A. 6. 7 On some nonstandard but important contributions to Fins- 
ler geometry and physics 

We shall cite and briefly comment here some series of works concerning 
nonstandard Finsler geometric and physical models for which a number of 
important results can be re-defined on nonholonomic manifolds and may 
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present a substantial interest in the so-called standard theories, or are re- 
lated to certain recent developments in modern physics. 

Gauge transforms on tangent bundle and Kaluza Klein theory: 

Additionally to the discussion on Finsler geometry and generalized gauge 
theories in section IA.6.11 we refer to a series of works by R. G. Beil [20[ 
[2T| [22| [23] . The author considered a Kaluza-Klein like theory following the 
idea that the nature of spacetime is Finslerian and the extra dimension is 
time like, i.e. not compactified. The geometry of moving frame transports 
on Finsler spacetimes was related to local Poincare and Lorentz transforms. 
The corresponding gauge transforms on tangent bundle resulted in a Kaluza- 
Klein type theory, but not in a Yang-Mills one, which was connected to a 
new type of quantum field theory. It should be noted that A. Bejancu also 
elaborated gauge models in tangent bundle summarized in his monograph 
|24j . Such gauge Finsler-Kaluza-Klein theories can be considered in the 
usual gauge gravity or string gravity models with nonholonomic distribu- 
tions if the constructions are performed for nonholonomic manifolds, see for 
instance, [228l HHSl IM] • 

Generalized/ broken local Lorentz symmetries: 

We mention two directions on Finsler spacetime field theories with gener- 
alized Lorentz and gauge symmetries. The first one, recently, is connected 
to the so-called Finsleroid structures [15], with anisotropic kinematics and 
Finsler like generalizations of the local Minkowski metric. A number of 
former investigations on locally anisotropic gauge models, jet models, and 
Finsler like corrections to the Einstein gravity can found in \12\ [T^ [T^ [TB] 
and references therein. 

Group transforms defining a generalized local Lorentz invariance on a 
Finsler like spacetime, instead a local Minkowski space are considered in 
[30] . see also models with generalized Lorentz invariants and Dirac equation 
[31] ■ and the so-called relativistic theory of gravity generalized to Finsler 
like spaces [29j. This class of theories by definition belong to the class 
of nonstandard ones. It presents certain interest for some approaches in 
modern physics related to violation of local Lorentz invariance and violation 
of principle of equivalence. 

Classical & quantum theories with local Lorentz invariance: 

An "almost standard" approach with Finslerian fields and applications of 
Finsler geometry methods is developed by H. E. Brandt. In work [32i|, he 
proposed a Cartan like Finsler theory with Kaluza-Klein generalizations on 
tangent bundle with Kahler geometrization starting with Christoffel sym- 
bols on the base and considering local Lorentz transforms on fibers. On 
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total space, the theory possesses a nontrivial almost complex structure and 
nontrivial torsion. 

Further constructions are with maximal acceleration invariant quantum 
fields, formulated in terms of the differential geometric structure of the 
spacetime tangent bundle [33]. It was proposed a physically based Planck 
scale effective regularization with a spectral cutoff at the Planck mass. There 
were also considered Finslerian fields, strings and p-branes on tangent bun- 
dle with local Lorentz invariance and maximal invariance, quantum fields. 
There are Kaluza-Klein like fields but in general not compactified. 

It was also attempted to elaborate a quantum field theory with Fins- 
lerian quantum fields (scalar fields on tangent bundle/Finsler spacetime) 
and microcausality with corresponding commutators of scalar fields [35) . 
The general idea was to work with Lorentz-invariant quantum fields and 
maximal-acceleration invariants (for such quantum fields) in the spacetime 
tangent bundle by using a Plank scale, causal domains and microcausal 
constructions [Ml ET] . 

We also cite a series of works published recently in a Russian journal 
"Hypercomplex Numbers in Physics and Geometry", see [641 165j and refer- 
ences therein, with the aim to construct of pseudo-Riemannian geometry on 
the basis of Berwald-Moore geometry, by using certain classes of relativistic 
invariant Finsler geometry generating functions. 

This class of theories is related to standard models of gravity and strings 
but proposes new Finsler alternatives for quantum theories. 

Finslerian teleparallel and Kahler Clifford structures: 

In this section, we shall comment on a series of works by J. Vargas and 
D. Torr [233l ISl |235l EMI EST]. A very important idea for applications to 
standard theories of physics (even, in general, the authors work with locally 
anisotropic geometric models on tangent bundle) is that a Riemann struc- 
ture can be reconfigured on the Finsler bundle without loss of information 
but with increased structural richness. This allows us to consider canonical 
connections of Finsler metrics and Finslerian connections on Riemannian 
metrics [233J . Some constructions are similar, but inverse, to our construc- 
tions [228j when Finsler geometries and generalizations are modelled on 
(pseudo) Riemannian spaces. 

Perhaps a source for such investigations can be found in a rigorous study 
by E. Cartan and A. Einstein (1929) when a theory was elaborated in which 
the electromagnetic field constitutes the time-like 2-form part of the torsion 
of Finslerian teleparallel connections on pseudo-Riemannian metrics |235| . 
The research by Vargas and Torr were performed following a comparative 
analysis of fundamental geometric constructions elaborated by Riemann, 
Cartan, Weyl, Klein, Clifford and Kahler and their explicit realization in 
Finsler geometry and generalizations. 
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For B. Riemann, at a time when the theory of continuous groups had 
not yet been founded, the fundamental geometric notion is that of distance 
(see Riemann's famous inaugural dissertation 'On the hypothesis...', 1854, 
|144j ). Then, a geometric approach of a completely different nature has 
developed between 1867 and 1914 by F. Klein, see an analysis oriented to 
Finsler geometry in |234j . For Klein, the fundamental geometric notion is 
contained in the axiom of geometric equality, interpreted in the light of the 
notion of group. We note here that the concept of geometric equality vary 
from geometry to geometry and is contained in the axioms of each geometry. 

Weyl geometry is considered as the first type of Yang -Mills theories, 
ahead of the times. It is directly related to the geometry of base manifolds 
endowed with metric-compatible affine connection of the particular type 
that Cartan called metric connections. One thus has to leave open the 
possibility that some Yang-Mills theories may eventually become part of 
classical differential geometry of some more general type, with some more 
general (for instance, Finsler like) structure. 

Various Finsler geometry models were elaborated following different rela- 
tions between metrics and connections (connections are in general nonlinear 
but the authors tried to introduce certain effective linear ones) . The Vargas- 
Torr idea is to derive Finsler spaces from certain spacetime structure moving 
the constructions on tangent bundles. This can be considered as an "almost 
standard" modelling of physical interactions on spaces with more rich (than 
Riemann geometry) structures. They formulated corresponding Kahler and 
Clifford calculus for Finsler like connections, analyzed Clifford structure of 
Kaluza-Klein spaces and tried to generate " metrics without metric tensors" . 
Such constructions present a substantial interest also for standard models 
of physics because we can model them by nonholonomic distributions on 
(semi) Riemannian manifolds and Riemann-Cartan spaces. 

In [23BJ , one works with Finsler bundles using the language of differential 
forms but with nonmetricity, like Chern, see |17j . which is not compatible 
with the standard models of physics. The authors develop the concept of 
affine Finsler connection involving bundles. Such Finsler connections are 
defined even in the absence of a metric function and/or metric. For the 
corresponding tangent bases and special bases (frames) and affine Finsler 
connection, it is elaborated a teleparallel and Kahler calculus. They com- 
pare their results with other approaches to teleparallelism and Kaluza-Klein 
reformulation of Finslerian teleparallelism. It is also considered the Kahler- 
Dirac equation for such Finsler spaces. 

It should be emphasized that the Kahler equations for forms are equiva- 
lent for the Dirac equations only on flat spaces. For general curved spaces, 
this result is not true. In general, it is not clear how to formulate the Dirac 
equation for metric noncompatible connections if there are not used cer- 
tain auxiliary constructions for metric compatible ones. The original con- 
tributions by Vargas-Torr is that they elaborated a Kahler calculus with 
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Clifford-valued multiforms for certain classes of Finsler connections and 
found an analogous (Kahler equation) to the Dirac equation for such cotan- 
gent spaces provided with Finsler like structure. Nevertheless, this is not a 
theory of spinors for Finsler-Lagrange spaces which was elaborated in Refs. 
[1731 1178j , see discussion in section IA.6.2[ 

For applications of Finsler geometry methods to standard models of 
physics, the most important is the idea that the classical and quantum ge- 
ometric structure of the spacetime and field/string dynamics may be richer 
than it presently appears to be on Riemann, or Riemann-Cartan spaces. 
If in |237j it is suggested to consider Clifford algebras for nonsymmetric 
quadratic forms and generalized Finsler spaces, we consider that by non- 
holonomic distributions on (semi) Riemann geometries we can also model 
very rich geometric structures but preserving compatibility with the present 
days paradigm of standard physics. 

Clifford manifolds and Finsler spaces: 

A model with maximal speed of light and maximal-acceleration relativity 
principle in the spacetime tangent bundle and in the phase spaces (cotangent 
bundle) was elaborated in Ref. [17] following the approach on relativity in 
C-spaces (Clifford manifolds), see [58] and references to the cited papers. 
The idea of maximal-acceleration is similar to that from [36\ I37| but it is 
developed on C~spaces. 

The constructions on C-spaces are related to Finsler geometry by con- 
sidering dependencies on speed and accelerations following a "new program" 
in physical theories [55^ HB] . We also cite the work [45j on W geometry from 
Fedosov's deformation quantization. It should be noted that C. Castro's 
works conventionally belong to the class of nonstandard models of physics 
because they use constructions for the tangent and cotangent bundles, or 
jets, even such spaces are modelled by C-space structures. In other turn, 
they can be re-defined for nonholonomic manifolds by using nonholonomic 
Clifford bundles [I73l HZg [Ha 1225] and Fedosov-Lagrange manifolds [57]. 
Such results can be positively related to standard models of physics. 

Finally, in this section, we would mention the Hull's formulation [78\ [79] 
of Woo gravity as a gauge theory of the group of sympletic diffeomorphisms 
of the cotangent bundle of two-dimensional surface considering a generalized 
(Finsler like) scalar line element 

If for this element one considers a canonical d-connection and extracts the 
Levi-Civita connection, we generate a nonholonomic effective Riemannian 
space with more rich structure. In this case, we can establish further re- 
lations to noncommutative geometry and M(atrix) theory |2UH 1228] . We 
conclude that such models can be elaborated both in standard and nonstan- 
dard fashions. 
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Deterministic quantum Finsler models: 

A series of works on Finsler geometry and applications [591 EOl ED ESI [63] has 
the aim to solve certain problems of quantum mechanics with dissipation and 
loss of information. The constructions are based on 't Hooft's proposal [711 
[72] to use deterministic models in order to describe physical systems at the 
Planck scale through a Hilbert space formulation of these models. R. Gallego 
uses Finsler geometry with Chern connection in order to elaborate such 
deterministic quantum models and relate dissipation to average of Chern 
connection, with nonmetricity, in order to get the Levi Civita connection 
[60j and define a corresponding Hamiltonian following a model of dissipative 
dynamics. 

It was elaborated a corresponding formalism when translation of results 
is considered from Riemannian to Finsler spaces and proposed the notions 
of complete Finsler manifold with the "average" to a Riemannian manifold 
[61j . The dynamics at the quantum Planck scale with loss of information 
is constructed supposing that a Finsler structure on tangent bundle TM 
evolves to a Riemannian structure also in TM [62]. The canonical quanti- 
zation is considered on the dual tangent - tangent bundle T*TM which is 
supposed to be the arena for deterministic Finslerian models and dynami- 
cal systems with corresponding Poisson structures. Finally, a nonstandard 
approach to quantum gravity with maximal acceleration is considered in 
[S3]. 

It is not obligatory to use in researches on deterministic quantum model 
only the Chern connection [T7j (similarly, and in a more simple form one 
can be elaborated quantum Cartan-Finsler models with further develop- 
ments on Finsler, Lagrange and Hamilton geometry with metric compatible 
connections [Ml [TOEl [Ml [ESI [EO]). We note that having a canonical 
d-connection, we can always define exactly the Levi-Civita connection, be- 
cause both such linear connections are uniquely defined by a generic off- 
diagonal metric tensor of type ()18p . It is also not obligatory to average the 
Chern connection with nonmetricity in order to get a metric compatible Levi 
Civita connection: we can do this by subtracting from the Cartan, Chern, 
or other canonical connection the corresponding deformation tensor (this 
topic is discussed in details in Refs. [205^ 1207] ). The experimental data 
does not constrain us to use at Planck scale nonmetric connections (even 
there are quantum uncertainty relations, there are not proofs that they are 
related strongly to nonmetricity). A deterministic quantum dynamics can 
be modelled alternatively with metric compatible Finsler like connections. 
Working with nonholonmic manifolds and metric compatible connections, 
such constructions will belong to the class of standard models, contrary to 
those performed on tangent spaces and for nonmetric connections. 

Other directions: 
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There were also proposed a number of other possible applications of Finsler 
geometry in order to solve important geometric and physical problems. In 
this final section, we mention a few of them. 

The works by P. Stavrinos and co-authors \150\ I153j elaborate certain 
Finsler like generalizations (nonstandard ones) in modern cosmology. 

The idea to consider the Fermat principle on Finsler spaces was ap- 
proached by V. Perlick [136] following a variational principle with a corre- 
sponding Lagrangian and Lagrangian, Euler-Lagrange equations. The topic 
of nonlinear connections and distinguished connections is not discussed in 
his work but it appears from the corresponding semi-spray dynamics if the 
geometric constructions are adapted to the nonlinear connection structure. 

Possible hidden connections between general relativity and Finsler geom- 
etry are considered in Ref . |131j . An approach with homogeneous and sym- 
metric Finsler spaces, with Chern connection, as a generalization of similar 
constructions for homogeneous/ symmetric Riemannian spaces, is developed 
by authors [92l |93l El] . It is not clear if such results hold true for nonholo- 
nomic Riemannian spaces and Finsler models defined by metric compatible 
Finsler connections (for instance, with the Cartan connection). Generalized 
Lagrange- Weyl structures and compatible connections are analyzed in Ref. 

m- 

Geometric methods of Finsler-Lagrange geometry have been applied for 
a study of systems of partial differential equations, multi-time Lagrange 
spaces and dynamical systems and jet geometry [162^ 1163^ 11641 11171 1118j . 

Finally, we note that the geometry of induced structures on submanifolds 
and almost product Riemannian and/or Finsler manifolds |74^I75| has certain 
applications in geometric quantization [57]. 

References 

[1] Anastasiei M., Structures spinorielles sur les varietes hilbertienes, C. 
R. Acad. Sci. Paris A284 (1977) A943-A946 

[2] Anastasiei M. and Nimine^ V., Prolongations of Lie Algebroids, Stud. 
Cercet. Stiint., Ser. Mat., Supplement, 16 (2006) 29-38 [Proceedings 
of ICMI 45, Bacau, Romania, Sept. 18-20, 2006] 

[3] Anco S. and Vacaru S., Curve Flows in Lagrange-Finsler Geometry, 
Bi-Hamiltonian Structures and Solitons, |math-ph/ 0609070| 

[4] (Ed.) Antonelli P. L., Handbook of Finsler Geometry, Vol. 1,2 (Kluwer, 
2003) 

[5] Antonelli P. L., Ingarden R. S. and Matsumoto M., The Theory of 
Sprays and Finsler Spaces with Applications in Physics and Biology 
(Kluwer, 1993) 



68 



[6] Antonelli P. L. and Hrimiuc D., Diffusions and Laplacians on Lagrange 
Manifolds, in: The Theory of Finslerian Laplacians and Applications. 
N 459 (Kluwer Academic Pubhshers, 1993) 

[7] (Eds.) Antonelli P. L. and and Lackey B., The Theory of Finslerian 
Laplacians and Applications. N 459 (Kluwer Academic Publishers, 
1993) 

[8] (Eds.) Antonelli P. L. and Miron R., in cooperation with Anastasiei M. 
and Zet G., Lagrange and Finsler Geometry. Applications to Physics 
and Biology (Kluwer, 1996) 

[9] Antoneli P. L. and Zastawniak T. J., Diffusion on Finsler Manifolds. 
Proc. XXV Symposium on Mathematical Physics (Torun, 1992); Rep. 
Math. Phys. 33 (1993) 303-315 

[10] Antoneli P. L. and Zastawniak T. J., Introductin to Diffusion on 
Finsler Manifolds, in: Lagrange Geometry, Finsler Spaces and Noise 
Applied in Biology and Physics, Math. Comput. Modelling 20 (1994) 
109-116 

[11] (Eds.) Antoneli P. L. and Zastawniak T. J., Fundamentals of Finslerian 
Diffusion and Applications N 101 (Kluwer Academic Publishers, 1999) 

[12] Aringazin A. K. and Asanov G. S., Problems of Finslerian Theory of 
Gauge Fields and Gravitation, Rep. Math. Phys. 25 (1988) 35-93 

[13] Asanov G. S., Finsler Geometry, Relativity and Gauge Theories 
(Boston: Reidel, 1985) 

[14] Asanov G. S., Finslerian and Jet Gauge Fields (Moscow University, 
1989) [in Russian] 

[15] Asanov. G. S., Finsleroid-Relativistic Time-Asymmetric Space and 
Quantized Fields, Rep. Math. Phys. 57 (2006) 199-231 

[16] Asanov G. S. and Ponomarenko S. F., Finslerovo Rassloenie nad Pro- 
stranstvom-Vremenem, Assotsiiruemye Kalibrovochnye Polya i Sveaz- 
nosti (Nauka, Kishinev, 1988) [in Russian]; Finsler bundle on Space- 
Time. Associated Gauge Fileds and Connections (§tiinta, Chi§inau, 
1988) 

[17] Bao D., Chern S. -S., and Shen Z., An Introduction to Riemann- 
Finsler Geometry. Graduate Texts in Math., 200 ( Springer- Verlag, 
2000) 

[18] Barcelo C. , Liberaty S. and Visser M., Analogue Gravity, Living Rev. 
Rel. 8 (2005) 12, |gr-qc/ 0505065 1 



69 



[19] Barthel W., Nichtlineaxe Zusammenhange und Deren Holonomie 
Gruppen, J. Reine Angew. Math. 212 (1963) 120-149 

[20] Beil R. G., Electrodynamics from a Metric, Int. J. Theor. Phys. 26 
(1987) 189-198 

[21] Beil R. G., Finsler and Kaluza-KIein Gauge Theories, Int. J. Theor. 
Phys. 32 (1993) 1021-1031 

[22] Beil R. G., Moving Frame Transport and Gauge Transformations, 
Found. Phys. 25 (1995) 717-743 

[23] Beil R. G., Finsler Geometry and Relativistic Field Theory, Int. J. 
Theor. Phys. 33 (2003) 1107-1127 

[24] Bejancu A., Finsler Geometry and Applications (Ellis Horwood, 
Chichester, England, 1990) 

[25] Bejancu A. and Farran H. R., Foliations and Geometric Structures 
(Springer, 2005) 

[26] Bekenstein J. D., The relation Beween Physical and Gravitational Ge- 
ometry, Phys. Rev. D48 (1993) 3641-3647 

[27] Berwald L. , Untersuchung der Krummung allgemeiner metrischer 
Raume auf Grunnd des in ihnen herrschenden Parallelismus, Math. 
Z. 25 (1926) 40-73 

[28] Bicak J. , Selected Solutions of Einstein's Field Equations: Their Role 
in General Relativity and Astrophysics, in: Lect. Notes. Phys. Inc. 540 
(2000), pp. 1-126 

[29] Bogoslovsky G. Yu., Theory of Locally Anisotropic Space-Time (Mos- 
cow, Moscow State University Publ., 1992) [in Russian] 

[30] Bogoslovsky G. Y. and Gocnner H. F., Finslerian Spaces Possessing 
Local Relativistic Symmetry, General Relativity and Gravitation 31 
(1999) 1565-1603 

[31] Bogoslovsky G. Yu. and Goenner H. F., Concerning the General- 
ized Lorentz Symmetry and the Generalization of the Dirac Equation, 
Phys. Lett. A323 (2004) 40-47 

[32] Brandt H. E., Kahler Spacetime Tangent Bundle, Found. Phys. Lett. 
11 (1992) 315-337 

[33] Brandt H. E., Quantum Fields in the Spacetime Tangent Bundle, 
Found. Phys. Lett. 11 (1998) 265-275 



70 



[34] Brandt H. E., Finslerian Fields in the Spacetime Tangent Bundle, 
Chaos, Solitons & Fractals 10 (1999) 267-282 

[35] Brandt H. E., Finslerian Quantum Fields and Microcausality, Found. 
Phys. Lett. 13 (2000) 307-328 

[36] Brandt H. E., Lorentz-Invariant Quantum Fields in the Space-Time 
Tangent Bundle, Int. J. Math, and Math. Sci. 24 (2003) 1529-1546 

[37] Brandt H. E., Finslerian Quantum Field Theory, | hep^th/0407103l 

[38] Bucataru I. and Miron R., Canonical Semispray and Nonlinear Con- 
nection of a Second Order Lagrange Space, arXiv: 0705.3689 

[39] (Eds.) Cao H.-D., Chow B., Chu S.-C. and Yau S.-T., Collected Papers 
on Ricci Flow (International Press, Somerville, 2003) 

[40] H. -D. Cao and Zhu X. -P., Hamilton-Perelman's Proof of the 
Poincare Conjecutre and the Geometrization Conjecture, Asian J. 



Math., 10 (2006) 165-495, math.DG/0612069 



[41] Cartan E., Riemannian Geometry in an Orthogonal Repere, Lectures 
at Sorbonne, 1926-1927 (World Scientific Publishing Co., River Edge, 
NY, 2001) 

[42] Cartan E., Les Espaces de Finsler (Paris, Hermann, 1935) 

[43] Cartan E., La Methode dur Repere Mobile, La Theorie des Croupes 
Continus et les Espaces Generalises (Herman Paris, 1963) 

[44] Castro C, Incorporating the Scale-Relativity Principle in String The- 



ory and Extended Objects Authors, hep-th/ 9612003 



[45] Castro C, W Geometry from Fedosov's Deformation Quantization, J. 
Geom. Phys. 33 (2000) 173-190 

[46] Castro C, The Status and Programs of the New Relativity Theory, 



physics/0011040 



[47] Castro C, Maximal- Acceleration Phase Space Relativity from Clifford 



Algebras, hep-th/0208138 



[48] Castro C. and Pavsic M., Higher Derivative Graivty and Torsion from 
the Geometry of C-spaces, Phys. Lett. B 539 (2002) 133 

[49] Cortes J., de Leon M., Marrero J. C, D. Martm de Diego, E. Martinez, 
A Survey of Lagrangian Mechanics and Control on Lie Algebroids and 
Groupoids, Int. J. Geometric Methods in Modern Phys. 3 (2006) 
509-558 



71 



[50] Crasmareanu M., Gereralized Lagrange- Weyl Structure and Compat- 
ible Connections, Scientifi Papers of UASVM lasi (Sci. Annals of 
UASVM lasi), Tom XLVIII, v.2-2005, 273-238, arXiv: math/ 0605634 

[51] Csaki C, Erlich J. and Grojean C, Gravitational Lorentz Viola- 
tions and Adjustment of the Cosmological Constant in Asymmetrically 
Warped Spacetimes, Nucl. Phys. B 604 (2001) 312-342 

[52] Dehnen H. and Vacaru S., Nonlinear Connections and Nearly Au- 
toparallel Maps in General Relativity, Gen. Rel. Grav. 35 (2003) 807- 
850 

[53] Deligne P., Etingof P., Freed D. S. et all (eds.), Quanum Fields and 
Strings: A Course for Mathematicians, Vols 1 and 2, Institute for 
Adavanced Study (American Mathematical Society, 1994) 

[54] DeWitt B., Super manifolds (Cambridge University Press, 1984) 

[55] Ehresmann C, Les connexiones infinitesimales dans un espace fibre 
diffe rentiable. Colloque de Topologie, Bruxelles (1955) 29-55 

[56] Esrafilian E. and Azizpour E., Nonlinear connections and supersprays 
in Finsler superspaces. Rep. Math. Phys. 54 (2004) 365-372 

[57] Etayo F., Santamarfa R. and Vacaru S., Lagrange-Fedosov Nonholo- 
nomic Manifolds, J. Math. Phys. 46 (2005) 032901 

[58] Finsler P., Uher Kurven und Flachen in Allgemeiner Ramen, Disser- 
tation (Gottingen, 1918); reprinted (Basel: Birkhauser, 1951) 

[59] Gallego R., A Finslerian Version of 't Hooft Deterministic Quantum 
Models, J. Math. Phys. 47 (2006) 072101 

[60] Gallego R., Average Riemannian Structures Associated with a Finsler 
Structure, math/0501058 

[61] Gallego R., On the Generalizations of Theorems from Riemannian 
Geometry fo Finsler Geometry, math/0503704 

[62] Gallego R., Quantum Systems as Results of Geometric Evolutions, 
m ath-ph/0506038 

[63] Gallego R., On a Covariant Version of Caianiello's Model, 
gr -qc/ 0701091 

[64] Garas'ko G. I., On Field Theory and Some Finsler Spaces, 
math-ph/0702037. 



72 



[65] Garas'ko G. I. and Pavlov D. G., Construction of Pseudo-Riemannian 
Geometry on the Basis of Berwald-Moore Geometry. Hypercom- 
plex Numbers in Physics and Geometry 1 (5), V. 3 (2006) 19-27; 
|math-ph/0609009| 

[66] Grifone J., Structures Presque Tangente et Connexions, II. Ann. Inst. 
Fourier, Grenoble, 22 (1972) 291-331 

[67] Hamilton R. S., Three Manifolds of Positive Ricci Curvature, J. Diff. 
Geom. 17 (1982) 255-306 

[68] Hamilton R. S., The Formation of Singularities in the Ricci Flow, in: 
Surveys in Differential Geometry, Vol. 2 (International Press, 1995), 
pp. 7-136 

[69] Hawking S. W. and Ellis G. F. R., The Large Scale Structure of 
Space-Time (Cambridge University Press, 1973) 

[70] Hehl F. M., Mc Grea J. D., E. W. Mielke, and Ne'eman Y., Metric- 
Afhne Gauge Theory of Gravity: Field Equations, Noether Identities, 
World Spinors, and Breaking of Dilaton Invariance, Phys. Rep. 258 
(1995) 1-171 

[71] 't Hooft G., Determinism and Dissipation in Quantum Gravity, 
,hep-th/ 0003005| 

[72] 't Hooft G., How Does God Play Dies? (Pre-) Determinism at the 
Planck Scale, hep-th/000304 

[73] Horak Z., Sur les systemes non holonomes. Bull. Internat. Acad. Sci. 
Boheme (1927) 1-18 

[74] Hretcanu C.-E., Induced Structures on Submanifolds in Almost Prod- 
uct Riemannian Manifolds, ^math/ 0608533 

[75] Hretcanu C.-E., Induced Structures on Product of Spheres, 
imath/ 0702798, 

[76] Hrimiuc D. and Popescu L., Geodesies of Sub-Finslerian Geometry, 
Proc. Conf. "Differential Geometry and its Applications", August 30 
- September 3, 2004, Charles University, Czech Republic (Brague, 
2005), pp. 57-65 

[77] Hrimiuc D. and Popescu L., Nonlinear Connections on Dual Lie Alge- 
broids, Balkan Journal of Geometry and Its Applications, 11 (2006) 
73-80 

[78] Hull C. M., The Geometry of W Gravity, Phys. Lett. B269 (1991) 
257-263 



73 



[79] Hull C.M.,W Geometry, Commun. Math. Phys. 156 (1993) 245-275 

[80] Ikeda S., Some Physical Aspects Induced by the Internal Variable in 
the Theory of Fields in Finsler Spaces, II Nuovo Cimento 61 (1981) 
220-228 

[81] Ingarden R.S., Information Theory and Variational Principles in Sta- 
tistical Theories, Bull. Acad. Polon. Sci, Ser. Math. 11 (1963) 541-547 

[82] Ingarden R. S., Information Geometry in Functional Spaces of Clas- 
sical and Quantum Finite Statistical Systems, Int. J. Engen. Sci. 19 
(1981) 1609-1633 

[83] Ingarden R. S, and Tamassy L., On Parabolic Geometry and Irre- 
versible Macroscopic Time, Rep. Math. Phys. 32 (1993) 11-33; 477-490 

[84] Janyszek H. and Mrugala R., Riemannian and Finslerian Geometry 
and Fluctuations of Theromo dynamical Systems, Advances in Ther- 
modynamics, eds.: S. Sienutycz and P. Salamon, vol. 3 (Taylor and 
Francis, NY, 1990), 159-174 

[85] Kawaguchi A., Bezienhung zwischen einer metrischen linearen Uber- 
tragung unde iener micht— metrischen in einem allemeinen metrischen 
Raume, Akad. Wetensch. Amsterdam, Proc. 40 (1937) 596-601 

[86] Kawaguchi A., On the Theory of Non-linear Connections, I, II, Tensor, 
N. S. 2 (1952) 123-142; 6 (1956) 165-199 

[87] Kern J., Lagrange Geometry, Arch. Math. 25 (1974) 438-443 

[88] Kleiner B. and Lott J., Notes on Perelman's Papers, math. DG/ 
0605667 

[89] Kostelecky V. A. and Pickering G. M., Vacuum Photon Splitting in 
Lorentz-Violating Quantum Electrodynamics, Phys. Rev. Lett. 91 
(2003) 031801 

[90] Kramer D., Stephani H., Herdlt E. and MacCallum M. A. H., Exact 
Solutions of Einstein's Field Equations (Cambridge University Press, 
1980); 2d edition (2003) 

[91] Krupkova O., Higher-Order Mechanical Systems with Constraints, J. 
Math. Phys. 41 (2000) 5304-5324 

[92] Latifi D., Homogeneous Geodesies in Homogeneous Finsler Spaces, 
arXiv: 0706.3512 

[93] Latifi D. and Razavi A. On Homogeneous Finsler Spaces, Rep. Math. 
Phys. 57 (2006) 357-366 



74 



[94] Latifi D. and Razavi A., A Symmetric Finsler Space with Chern Con- 
nection, arXiv: 0706.3505 

[95] Leites D., The Riemann Tensor for Nonholonomic Manifolds, Homol- 
ogy and Applications 4 (2002) 397-407; arXiv: math/02022^ 

[96] Leites D., Supermanifold Theory. Karelia Branch of the USSR Acad, 
of Sci. (Petrozavodsk, 1983) pp. 200 (in Russian) 

[97] de Leon M. and Rodriguez P. R., Methods of Differential Geometry 
and Analytical Mechanics (North Holland Math., Ser. 1989) 

[98] Libermann P., Lie Algebroids and Mechanics, Archh. Math. (Brno) 
32 (1996) 147-162 

[99] Libermann P. and Marie CM., Sympletic Geometry and Analytical 
Mechanics (Reidel Publ. Dordrecht, 1987) 

[100] Mackenzie K., Lie Groupoids and Lie Algebroids in Differential Ge- 
ometry, vol. 124, London Math. Soc. Lecture Note Series (Cambridge 
Univ. Press, Cambridge, 1987) 

[101] Mardsen J. E. and Ra^iu T., Introduction to Mechanics and Symmetry, 
Texts in Appl. Math. 17 (Springer, NY, 1995) 

[102] Matsumoto M., Foundations of Finsler Geometry and Special Finsler 
Spaces (Kaisisha: Shigaken, Japan, 1986) 

[103] Miron R., The Geometry of Higher-Order Lagrange Spaces, Appli- 
cation to Mechanics and Physics, FTPH no. 82 (Kluwer Academic 
Boston, London, 1997) 

[104] Miron R., The Geometry of Higher-Order Finsler Spaces (Hadronic 
Press, Palm Harbor, USA, 1998) 

[105] Miron R., The Vranceanu Nonholonomic Manifolds in the Lagrange 
Spaces, Proceedings of the Centennial "G. Vranceanu", Part H 
(Bucharest, 2000), An. Univ. Bucuresti Mat. Inform. 50 (2001) 93- 
101 

[106] Miron R., The Geometry of Higher-Order Hamilton Spaces (Kluwer 
Academic Publishers, Dordrecht, Boston, London, 2003) 

[107] Miron R. and Anastasiei M., Vector Bundles and Lagrange Spaces with 
Applications to Relativity (Geometry Balkan Press, Bukharest, 1997); 
translation from Romanian of (Editura Academiei Romane, 1987) 

[108] Miron R. and Anastasiei M., The Geometry of Lagrange paces: The- 
ory and Applications, FTPH no. 59 (Kluwer Academic Publishers, 
Dordrecht, Boston, London, 1994) 



75 



[109] Miron R. and Atanasiu Gh., Compendium sur les Espaces La- 
grange d'Ordre Su'erieur, Seminarul de Mecanica. Universitatea din 
Timi§oara. Facultatea de Matematica, 40 pp. 1.; Revue Roumaine de 
Mathematiques Pures et Appliquee XLI, N 3-4 (1996) 205; 237; 251 

[110] Miron R. and Atanasiu Gh., Lagrange Geometry of Second Order, in: 
Lagrange Geometry, Finsler Spaces and Nois Applied in Biology and 
Physics, Math. Comput. Modelling 20 (Pergamon Press, 1994) 41-56 

[111] Miron R., Tavakol R. K., Balan V. and Roxburgh I., Geometry of 
Space-Time and Generalized Lagrange Gauge Theory, Publ. Math. 
Debrecen 42 (1993) 215-224 

[112] Miron R., Hrimiuc D., Shimada H. and Sabau V. S., The Geome- 
try of Hamilton and Lagrange Spaces (Kluwer Academic Publishers, 
Dordrecht, Boston, London, 2000) 

[113] Misner C. W., Thorne K. S. and Wheeler J. A., Gravitation (Free- 
man, 1973) 

[114] Morgan J. W. and Tian G., Ricci Flow and the Poincare Conjecture, 
|math. DG/0607607| 

[115] Mrugala R., Riemannian and Finslerian Geometry in Thermodynam- 
ics, Opens System & Information Dynamics 1 (1992) 379-396 

[116] Mrugala R., Nulton J. D., Schon J. C. and Salamon P., Statistical 
Approach to the Geometric Structure of Thermodynamics, Phys. Rev. 
A 41 (1990) 3156-3160 

[117] Neagu M. and Udri§te C, Multi-Time Dependent Sprays and Har- 
monic Maps on J^{T, M), ,math/0009049| 

[118] Neagu M. and Udri§te C, The Geometry of Metrical Multi-Tima La- 
grange Spaces, |math/0009071| 

[119] Obadeanu V., On some non-holonomic varieties. I. Lucrar. Sti. Inst. 
Ped. Timisoara Mat.-Fiz. 1960, (1961) 131-138 

[120] Ono T. and Takano Y., The Differential Geometry of Spaces whose 
Metric Depends on Spinor Variables and the Theory of Spinor Gauge 
Fields, Tensor N. S. 49 (1990) 65-80 

[121] Ono T. and Takano Y., The Differential Geometry of Spaces whose 
Metric Depends on Spinor Variables and the Theory of Spinor Gauge 
Fields, II, Tensor N. S. 49 (1990) 253-258 



76 



[122] Ono T. and Takano Y., The Differential Geometry of Spaces whose 
Metric Depends on Spinor Variables and the Theory of Spinor Gauge 
Fields, III, Tensor N. S. 49 (1990) 269-279 

[123] Ono T. and Takano Y., Remarks on the Spinor Gauge Field Theory, 
Tensor N. S. 52 (1993) 56-60 

[124] Oproiu V. A., A Riemannian Structure in Lagrange geometry, Rendi- 
conti Seminario Facolta Scienze Universita Cagliari, 55 (1985) 1-20 

[125] Oproiu V. A., A Pseudo-Riemannian Structure in Lagrange Geometry, 
An. St. Univ. "Al. I. Cuza" Ia§i, XXXIII, s. la. f. 1 (1987) 

[126] Oproiu V. A., A Generalization of Natural Almost Hermitian Struc- 
tures on the Tangent Bundles. Math. J. Toyama Univ., 22 (1999) 
1-14 

[127] Oproiu V. A. and Papaghiuc N., A Riemannian Structure in Lagrange 
geometry, Rendiconti Seminario Facolta Scienze Universita Cagliari, 
57 (1987) 35-49 

[128] Oproiu V. A. and Papaghiuc N., A Kaehler Structure on the Nonzero 
Tangent Bundle of a Space Form, Differential Geom. Appl. 11 (1999) 
1-12 

[129] Oproiu V. A. and Porosniuc D. D., A Class of Kaehler Einstein Struc- 



tures on the Cotangent Bundle, math/ 0405277 



[130] Overduin J. M. and Wesson P. S., Kaluza-Klein Gravity, Phys. Rep. 
283 (1997) 303-380 

[131] M. Panahi, Hidden Connections Between General Relativity and 



Finsler Geometry, Nuovo. Cim. B118 (2003) 345-351, igr-qc/0312053 



[132] Perelman G., The Entropy Formula for the Ricci Flow and its Geo- 
metric Applications, [math.DG/ 0211159 

[133] Perelman G., Ricci Flow with Surgery on Three-Manifolds, math. 
DC/ 03109 

[134] Perelman G., Finite Extinction Time for the Solutions to the Ricci 



Flow on Certain Three-Manifolds, math.DG/0307245 



[135] Peres A., Some Gravitational Waves, Phys. Rev. Lett. 3 (1959) 571- 
572 

[136] Perlick V., Fermat Principle in Finsler Spacetimes, Gen. Rel. Grav. 
38 (2006) 365-380 



77 



[137] Poincare H., Science and Hypothesis (Walter Scott, London 1905); 
(Dover, New York, 1952) 

[138] Poincare H., Oeuvres de Henry Poincare, vol. 9 (Gauther-Villars, 
Paris, 1954) 

[139] Polchinski J., String Theory, Vols 1 & 2 (Cambrdge Univ. Press, 1998) 

[140] Popov D. A., On the Theory of Yang-Mills Fields, Teoret. Mat. Fiz. 
24 (1975) 347-356 [in Russian]; Theoret. and Math. Phys. 25 (1975) 
879-885 [English translation] 

[141] Popov D. A. and Daikhin L. I., Einstein Spaces and Yang-Mills Fields, 
Dokl. Acad. Nauk SSSR 225 (1976) 790-793 [in Russian]; Soviet 
Physics. Dokl. 20 (1976 818-820 [English translation]) 

[142] Quevedo H., Geometrothermodynamics, J. Math. Phys. 48 (2007) 
013506 

[143] Rezaii M. M. and Azizpour E., On a Superspray in Lagrange Super- 
spaces, Rep. Math. Phys. 56 (2005) 257-269 

[144] Riemann B., Uber die Hypothesen, welche der Geometrie zugrunde 
liegen. Habilitationsvortrag 1854. Ges. math. Werke, 272—287 (Leipzig, 
1892); Reproduced: (Dover Publications, 1953) 

[145] Rund H., The Differential Geometry of Finsler Spaces (Springer- 
Verlag, 1959) 

[146] Ruppeiner G., Riemannian Geometry in Thermoynamic Fluctuation 
Theory, Rev. Mod. Phys. 67 (1995) 605-659 

[147] Shen Z., Differential Geometry of Spray and Finsler Spaces (Kluwer, 
2001) 

[148] Schwarz J. H. (Ed.), Strings: the First 15 Years of Supersting Theory: 
Reprints &; Commentary (World Scientific, Singapore e. a., 1985) 

[149] Stavrinos P., Bianchi Identities, Yang-Mills and Higgs Field Produced 
on S^'^^ M-Deformed Bundle, Balkan Journal of Jeometry and Its Ap- 
pHcations 1 (1996) 75-82 

[150] Stavrinos P., On the Generalized Metric Structure of Space-Time: 
Finslerian Anisotropic Gravitational Field, Journal of Physics: Con- 
ference Series 8 (2005) 49-57 

[151] Stavrinos P. C. and Balan V., Basic Elements of Relativity Theory, 
(University of Athens, 2003) 



78 



[152] Stavrinos P. C, Balan V., Manouselis P. and Prezas N., Field Equa- 
tions in Spaces with g^i, (x, ^, ^) metric. Generalized Conformally Flat 
Spaces, Rep. Math. Phys. 37 (1996) 163-175 

[153] Stavrinos P. C. and Diakongiannis, A Geometric Anisotropic Model 
of Space-Time Based on Finsler Metric, |gr-qc / 0203083 

[154] Stavrinos P. C., Kouretsis A. P. and Stathakopoulos M., Priedmann 
Robertson-Walker Molde in Generalised Metric Space-Time with 
Weak Anisotropy, gr-qc/ 0612157| 

[155] Stavrinos P. and Koutroubis S., Curvature and Lorentz Transforma- 
tions of Spaces whose Metric Tensor Depends on Vector and Spinor 
Variables, Tensor N. S. 55 (1994) 11-19 

[156] Stavrinos P. and Manouselis P., Nonlocalized Field Theory over Spinor 
Bundles: Poincare Gravity and Yang-Mills Fields, Rep. Math. Phys. 
36 (1995) 293-306 

[157] Stavrinos P. and Manouselis P., Tensor and Spinor Equivalence on 
Generalized Metric Tangent Bundles, Balkan Journal of Geometry and 
Its Applications 1 (1996) 119-130 

[158] Steward J., Advanced General Relativity. Cambridge Monographs on 
Mathematical Physics (Cambridge University Press, 1991) 

[159] Takano Y., Theory of Fields in Finsler Spaces I, Progress in Theor. 
Physics 40 (1968) 1159-1180 

[160] Takano Y., The Differential Geometry of Spaces whose Metric Tensor 
Depends on Spinor Variables and the Theory of Spinor Gauge Fields, 
Tensor, N. S. 40 (1983) 249-260 

[161] Tseytlin A. A., Poincare and de Sitter Gauge Theories of Gravity with 
Propagation Torsion, Phys. Rev. D 26 (1982) 3327-3341 

[162] Udri§te C. and Neagu M., Extrema of p-Energy Functional on a 
Finsler Manifold, math/0010078| 

[163] Udri§te C. and Neagu M., From PDF Systems and Metrics to Gener- 
alized Field Theories, math/0101207| 

[164] Udri§te C. and Udri§te A. From Flows and Metres to Dynamics, 
imath/0007059| 

[165] Utiyama R., Invariant Theoretical Interpretation of Interactions, Phys. 
Rev. 101 (1956) 1597-1607 



79 



[166] Vacaru S. I., Twistor-Gauge Interpretation of the Einstein-Hilbert 
Equatons, Vestnik Moscovskogo Univcrsitcta. Phys. and Astr. ,28 
(1987) 5-12 (in Russian); English translation: Vakaru S.I., in: Mosc. 
Univ. Phys. Buh. 42 (1987) 1-7 

[167] Vacaru S. I., Twistor-Gauge Methods in General Relativity, in: Grav- 
itation and Fundamental Interactions, ed. V. G. Bogrov (P. Lumumba 
University Press, Moscow, 1987), p. 11-13 (in Russian) 

[168] Vacaru S. I., Twistor-Gauge Interpretation of the Einstein-Cartan 
Theory, in: Vsemirnoe Tiagotenie i Teorii Prostranstva-Vremeny (Uni- 
versal Attraction and Theories of Space-Times), ed. V.S.Terletsky 
(P.Lumumba University Press, Moscow, 1987), p. 77-78 (in Russan) 

[169] Vacaru S. I., Holomorfic Bundles and Twistor Gauge Approach to the 
System of Yang-Mills and Gravity with Torsion Fields, N2316 B87 
(VINITY, Moscow, 1987), 1-24 (in Russian) 

[170] Vacaru S. I., Holomorphic Affine Bundles and Twistor-Gauge Inter- 
pretation of Gravity, N2317 B87 (VINITY, Moscow, 1987), 1-29 (in 
Russian) 

[171] Vacaru S. I., Holomorphic GA4 Gauge Gravity and Infinitesimal 
Neighborhoods of Curved Space-Time Isotropic Geodesies, N1486 B87 
(VINITY, Moscow, 1987), 1-27 (in Russian) 

[172] Vacaru S., Stochastic Calculus on Generalized Lagrange Spaces, in: 
the Program of the lasi Academic Days, October 6-9, 1994 (Academia 
Romana, Filiala lasi, 1994) p. 30 

[173] Vacaru S., Clifford Structures and Spinors on Spaces with Local 
Anisotropy, Buletinul Academiei de Stiinte a Republicii Moldova, Fiz- 
ica si Tehnica [Izvestia Academii Nauk Respubliky Moldova, fizica i 
tehnika] 3 (1995) 53-62 

[174] Vacaru S., Stochastic Differential Equations on Spaces with Local 
Anisotropy, Buletinul Academiei de Stiinte a Republicii Moldova, Fiz- 
ica si Tehnica [Izvestia Academii Nauk Respubliky Moldova, fizica i 
tehnika] 3 (1996) 13-25 

[175] Vacaru S., Yang-Mills Fields on Spaces with Local Anisotropy, Bulet- 
inul Academiei de Stiinte a Republicii Moldova, Fizica si Tehnica 
[Izvestia Academii Nauk Respubliky Moldova, fizica i tehnika] 3 (1996) 
26-31 

[176] Vacaru S. , Locally Anisotropic Stochastic Processes in Fiber Bundles, 

Proceeding of the Workshop "Global Analysis, Differential Geome- 
try and Lie Algebras", December 16-18, 1995, Thessaloniki, Greece, 



80 



ed. G. Tsagas (Geometry Balkan Press, Bucharest, 1997) 123-140; 
[i^^7 9604014] 

[177] Vacaru S., Gauge Like Treatment of Generalized Lagrange and Finsler 
Gravity, Buletinul Academiei de Stiinte a Republicii Moldova, Fizica si 
Tehnica [Izvestia Academii Nauk Respubliky Moldova, fizica i tehnika] 
3 (1996) 31-34 

[178] Vacaru S., Spinor Structures and Nonlinear Connections in Vector 
Bundles, Generalized Lagrange and Finsler Spaces, J. Math. Phys. 37 
(1996) 508-524 

[179] Vacaru S., Locally Anisotropic Gravity and Strings, Ann. Phys. (NY), 
256 (1997) 39-61 

[180] Vacaru S., Superstrings in Higher Order Extensions of Finsler Super- 
spaces, Nucl. Phys. B, 434 (1997) 590-656 

[181] Vacaru S., Spinors and Field Interactions in Higher Order Anisotropic 
Spaces, JHEP, 09 (1998) Oil 

[182] Vacaru S., Gauge Gravity and Conservation Laws in Higher Order 



Anisotropic Spaces, hep-th/9810229 



[183] Vacaru S., Interactions, Strings and Isotopies in Higher Order 
Anisotropic Superspaces (Hadronic Press, USA, 1998), 450 pages, 
|math-ph/ 0112065] 

[184] Vacaru S., Exact Solutions in Locally Anisotropic Gravity and Strings, 
in: "Particile, Fields and Gravitations", ed. J. Rembielinski, AIP Con- 
ference Proceedings, No. 453, American Institute of Physics, (Wood- 
bury, New York) 1998, p. 528-537; gr-qc/98060 80 

[185] Vacaru S., Thermodynamic Geometry and Locally Anisotropic Black 
Holes, gr-qc/9905053 

[186] Vacaru S., Stochastic Processes and Thermodynamics on Curved 
Spaces, Ann. Phys. (Leipzig), 9 (2000) Special Issue, 175-176, 
Igr-ljc/ 0001057| 

[187] Vacaru S., Locally Anisotropic Kinetic Processes and Thermody- 
namics in Curved Spaces, Ann. Phys. (N.Y.), 290 (2001) 83-123, 



gr-qc/ 0001060 



[188] Vacaru S., Anholonomic Soliton-Dilaton and Black Hole Solutions in 
General Relativity, JHEP, 04 (2001) 009 

[189] Vacaru S., Gauge and Einstein Gravity from Non-Abelian Gauge 
Models on Noncommutative Spaces, Phys. Lett. B 498 (2001) 74-82 



81 



[190] Vacaru S., Horizons and Geodesies of Black Ellipsoids, Int. J. Mod. 
Phys. D. 12 (2003) 479-494 

[191] Vacaru S., Perturbations and Stability of Black Ellipsoids, Int. J. Mod. 
Phys. D 12 (2003) 461-478 

[192] Vacaru S., Nonlinear Connection Geometry and Exact Solutions in 
Einstein and Extra Dimension Gravity, in II International Meeting on 
Lorentzian Geometry. Murcia, Spain, November 12-14, 2003. Publica- 
tiones de la Real Sociedad Matematica Espanola, 8 (2004) 104-112; 
l^a th.DG/ 0406393 

[193] Vacaru S., Einstein-Cart an Algebroids and Black Holes in Solitonic 
Backgrounds, gr-qc/ 0501057 

[194] Vacaru S., Clifford Algebroids and Nonholonomic Spinor Deformations 
of Taub-NUT Spacetimes, hep-th/ 0502145 

[195] Vacaru S., Nonholonomic Deformations of Disk Solutions and Alge- 
broid Symmetries in Einstein and Extra Dimension Gravity, gr-qc/ 
0504095 

[196] Vacaru S., Nonholonomic Gerbes, Riemann-Lagrange Spaces, and the 



Atiyah-Singer Theorems, |math-ph / 0507068 



[197] Vacaru S., Noncommutative Finsler Geometry, Gauge Fields and 
Gravity, math-ph/0205023 communication at 6th International Con- 
ference on Clifford Algebras and their Applications, Cookeville, Ten- 
nessee, USA, May 18-25, 2002; Chapter 13 in: Clifford and Riemann- 
Finsler Structures in Geometric Mechanics and Gravity, Selected 
Works, by S. Vacaru, P. Stavrinos, E. Gaburov and D. Gonta. Dif- 
ferential Geometry - Dynamical Systems, Monograph 7 (Geometry 
Balkan Press, 2006); www.mathem.pub.ro/dgds/mono/va-t.pdf and 



gr-qc/0508023 



[198] Vacaru S., (Non) Commutative Finsler Geometry from String/M- 
Theory, hep-th/0211068i Chapter 14 in: Clifford and Riemann- Finsler 
Structures in Geometric Mechanics and Gravity, Selected Works, by 
S. Vacaru, P. Stavrinos, E. Gaburov and D. Gonta. Differential Ge- 
ometry - Dynamical Systems, Monograph 7 (Geometry Balkan Press, 
2006); www.mathem.pub.ro/dgds/mono/va-t.pdf and gr-qc/0508023 

[199] Vacaru S., Nonholonomic Clifford Structures and Noncommutative 
Riemann-Finsler Geometry, math.DG/0408121 ; Chapter 15 in: Clif- 
ford and Riemann- Finsler Structures in Geometric Mechanics and 
Gravity, Selected Works, by S. Vacaru, P. Stavrinos, E. Gaburov and 
D. Gonta. Differential Geometry - Dynamical Systems, Monograph 7 



82 



(Geometry Balkan Press, 2006); www.mathem.pub.ro/dgds/mono/va- 
t.pdf and gr-qc/0 508023 

[200] Vacaru S., Book Review of "The Geometry of Higher Order Hamil- 
ton Spaces", by R. Miron (Kluwer, 2003), published in: Gen. Relativ. 
Grav. 37 (2005) 1483-1485 

[201] Vacaru S., Exact Solutions with Noncommutative Symmetries in Ein- 
stein and Gauge Gravity, J. Math. Phys. 46 (2005) 042503 

[202] Vacaru S., Clifford-Finsler Algebroids and Nonholonomic Einstein- 
Dirac Structures, J. Math. Phys. 47 (2006) 093504 (20 pages) 

[203] Vacaru S., Ricci Flows and Solitonic pp~ Waves, Int. J. Mod. Phys. 
A21 (2006) 4899-4912 

[204] Vacaru S., Curve Flows and Solitonic Hierarchies Generated by (Semi) 
Riemannian Metrics, math-ph /0608024| 



[205] Vacaru S., Nonholonomic Ricci Flows: I. Riemann Metrics and 



Lagrange-Finsler Geometry, |math.dg/0612162 



[206] Vacaru S., The Entropy of Lagrange-Finsler Spaces and Ricci Flows, 



math.dg/0701621 



[207] Vacaru S., Nonholonomic Ricci Flows: II. Evolution Equations and 



Dynamics, math.dg/0702598 



[208] Vacaru S., Nonholonomic Ricci Flows: III. Curve Flows and Solitonic 
Hierarchies, arXiv: 0704.2062 [math.DG] 

[209] Vacaru S., Parametric Nonholonomic Frame Transforms and Exact 
Solutions in Gravity, arXiv: 0704.3986 [gr-qc] 

[210] Vacaru S., Nonholonomic Algebroids, Finsler Geometry, and Lagran- 
ge-Hamilton Spaces, arXiv: 0705.0032 [math-ph] 

[211] Vacaru S., Nonholonomic Ricci Flows: IV. Geometric Methods, Exact 
Solutions and Gravity, arXiv: 0705.0728 [math-ph] 

[212] Vacaru S., Nonholonomic Ricci Flows: V. Parametric Deformations 
of Solitonic pp-Waves and Schwarzschild Solutions, arXiv: 0705.0729 
[math-ph] 

[213] Vacaru S., Deformation quantization of almost Kahler models and 
Lagrange-Finsler spaces, J. Math. Phys. 48 (2007) 123509 



83 



[214] Vacaru S., Generalized Lagrange transforms: Finsler geometry meth- 
ods and deformation quantization of gravity, An. St. Univ. Al. I. 
Cuza din lasi (S.N.), Matematica, vol. LIII, 2007, Supliment, 327- 
342; arXiv: 0707.1526 

[215] Vacaru S., Deformation Quantization of nonholonomic almost Kahler 
models and Einstein gravity, to be published in Phys. Lett. A (2008), 
arXiv: 0707.1667 

[216] Vacaru S. I., Chiosa I. A. and Vicol N. A., Locally Anisotropic Su- 
pergravity and Gauge Gravity on Noncommutative Spaces, in: NATO 
Advanced Research Workshop Proceedings "Noncommutative Struc- 
tures in Mathematics and Physics" , eds Duplij S. and Wess J., Septem- 
ber 23-27, Kyiv, Ukraine (Kluwer Academic Publishers, 2001), 229 - 
243 

[217] Vacaru S. and Dehnen H., Locally Anisotropic Structures and Nonlin- 
ear Connections in Einstein and Gauge Gravity, Gen. Rel. Grav. 35 
(2003) 209-250 

[218] Vacaru S. and Goncharenko Yu., Yang-Mills Fields and Gauge Gravity 
on Generalized Lagrange and Finsler Spaces, Int. J. Theor. Phys. 34 
(1995) 1955-1980 

[219] Vacaru S. and Gonzalez-Hernandez J. F., Nonlinear Connections on 
Gerbes, Clifford Modules, and the Index Theorems, math. DC / 0506437| 



[220] Vacaru S. and Popa F. C, Dirac Spinor Waves and Solitons in 
Anisotropic Taub-NUT Spaces, Class. Quant. Gravity, 18 (2001) 
4921-4938 

[221] Vacaru S. and Singleton D., Ellipsoidal, Cylindrical, Bipolar and 
Toroidal Wormholes in 5D Gravity, J. Math. Phys. 43 (2002) 2486- 
2504 

[222] Vacaru S. and Singleton D., Warped, Anisotropic Wormhole / Soli- 
ton Configurations in Vacuum 5D Gravity, Class. Quant. Gravity, 19 
(2002), 2793-2811 

[223] Vacaru S. and Singleton D., Warped Solitonic Deformations and Prop- 
agation of Black Holes in 5D Vacuum Gravity, Class. Quant. Gravity, 
19 (2002) 3583-3602 

[224] Vacaru S., Singleton D., Botan V. and Dotenco D., Locally Anisotropic 
Wormholes and Flux Tubes in 5D Gravity, Phys. Lett. B 519 (2001) 
249-258 



84 



[225] Vacaru S. and Stavrinos P., Spinors and Space-Time Anisotropy 
(Athens University Press, Greece, 2002), |gr-qc/ 0112028 



[226] Vacaru S., Stavrinos P. and Gaburov E., Anholoonomic Tri- 
ads and New Classes of (2-|-l)-Dimensional Black Hole Solutions, 
'gr-qc/0106068 , published in Chapter 5 in: Clifford and Riemann- 
Finsler Structures in Geometric Mechanics and Gravity, Selected 
Works, by S. Vacaru, P. Stavrinos, E. Gaburov and D. Gonta. Dif- 
ferential Geometry - Dynamical Systems, Monograph 7 (Geometry 
Balkan Press, 2006); www.mathem.pub.ro/dgds/mono/va-t.pdf and 
gr -qc/0508023. 

[227] Vacaru S., Stavrinos P. and Gontsa D., Anholonomic Frames and 
Thermodynamic Geometry of 3D Black Holes, gr-qc/0106069, pub- 
lished in Chapter 6 in: Clifford and Riemann- Finsler Structures in 
Geometric Mechanics and Gravity, Selected Works, by S. Vacaru, 
P. Stavrinos, E. Gaburov and D. Gonta. Differential Geometry - 
Dynamical Systems, Monograph 7 (Geometry Balkan Press, 2006); 
www .mat hem .pub.ro/ dgds / mono / va-t . p df and | gr-qc/0508023 1 

[228] Vacaru S., Stavrinos P., Gaburov E. and Gonta D., Clifford and 
Riemann- Finsler Structures in Geometric Mechanics and Gravity, 
Selected Works, Differential Geometry - Dynamical Systems, Mono- 
graph 7 (Geometry Balkan Press, 2006); 



www.mathem.pub.ro/dgds/mono/va-t.pdf and gr-qc/0508023 



[229] Vacaru S. and Tintareanu-Mircea O., Anholonomic Frames, General- 
ized Killing Equations, and Anisotropic Taub NUT Spinning Spaces, 
Nucl. Phys. B 626 (2002) 239-264 

[230] Vacaru S. and Vicol N., Nonlinear Connections and Spinor Ge- 
ometry, Int. J. Math, and Math. Sciences 23 (2004) 1189-1237; 



math.DG/ 0406585, 



[231] Vacaru S. and Visinescu M., Nonholonomic Ricci Flows and Running 
Cosmological Constant. I. 4D Taub-NUT Metrics, Int. J. Mod. Phys. 
A22 (2007) 1135-1160 

[232] Vacaru S. and Visinescu M., Nonholonomic Ricci Flows and Running 
Cosmological Constant. II. 3D Taub-NUT Metrics, g r-qc/0 609086 

[233] Vargas J. and Torr D., Canonical Connections of Finsler Metrics and 
Finslerian Connections on Riemannian Metrics, Gen. Relat. Grav. 28 
(1996) 451-469 

[234] Vargas J. G. and Torr D. G., The Emergence of a Kaluza-Klein Mi- 
crogeometry from the Invariants of Optimally Euclidean Lorentzian 
Spaces, Found. Phys. 27 (1997) 533-559 



85 



[235] Vargas J. G. and Torr D. G., The Cartan-Einstein Unification with 
Teleparallclism and the Discrepant Measurements of Newton's Con- 
stant G, Found. Phys. 29 (1999) 145-201 

[236] Vargas J. and Torr D., Marriage of Chfford Algebra and Finsler Ge- 
ometry: A Lineage for Unification? Int. J. Theor. Phys. 40 (2001) 

275-299 

[237] Vargas J. and Torr D., Quantum Clifford Algebra from Classical 
Differential Geometry, J. Math. Phys. 43 (2002) 1353-1365 

[238] Vershik, A. M. Classical and Nonclassical Dynamics with Constraints, 
(in Russian) In. Yu. G. Borisovich and Yu. E. Gliklikh (eds.) Geome- 
try and Topology in Global Nonlinear Problems, 23-48, Novoe Global. 
Anal., Voronezh. Cos. Univ., Voronezh, 1984. English translation in: 
Yu. G. Borisovich and Yu. E. Gliklich (eds.), Global Analysis - Stud- 
ies and Applications. I. A Collection of Articles Translated from the 
Russian. Lecture Notes in Mathematics, 1108 (Spriner-Verlag, Berlin 
- New York, 1984), pp. 278-301 

[239] Vershik A. and Gershkovich V., Nonholonomic Dinamical Systems. 
In: Fundamental Trends, VINITI, (Moscow, 1987) 5-85 (translated 
by Springer in Sov. Math. Encyclop. series "Dynamical Systems -7") 

[240] Vlasov A. A., Statistical Distribution Functions (Nauka, Moscow, 
1966) [in Russian] 

[241] Vranceanu G., Sur les espaces non holonomes. C. R. Acad. Paris 103 
(1926) 852-854 

[242] Vranceanu G., Sur quelques points de la theories des espaces non 
holonomomes. Bull. Fac. §t. Cernauti 5 (1931) 177-205 

[243] Vranceanu G., Legons de Geometrie Differentielle, Vol II (Edition de 
I'Academie de la Republique Populaire de Roumanie, 1957) 

[244] Wald R. M., General Relativity (University of Chicago Press, 1984) 

[245] Watanabe S. and Ikeda F., On Metrical Finsler Connections, Tensor 
39 (1982) 37-41 

[246] Weinstein A., Lagrangian Mechanics and Groupoits, Fields Inst. Com- 
mun. 7 (1996) 206-231 

[247] Will CM., Theory and Experiments in Gravitational Physics (Cam- 
bridge University Press, 1993) 

[248] Yano K. and Ishihara S., Tangent and Cotangent Bundles (M. Dekker, 
Inc. New York, 1978) 



86 



